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PREFACE. 



I.v the explanatory part of this work, principles common to both 
algebra and arithmetic have in some cases been taken for 
granted ; but the peculiarities of algebra, especially those 
relating to signs, formula}, abbreviated methods, &c., have 
received special attention. Where it seemed both |K>ssible and 
desirable, the concrete form of explanation has been preferred 
t(j the abstract, and up\^ardsof 200 illustrative examptes have 
been worked out in full. 


The Exercises number upwards of 3000 — several times as 
many as are usually given within the same field, even in much 
larger text-books ; and, lest even so many should be too few, 
none have been borrowed from other works, so that those given 
here may, if necessary, be supplemented from other sources by 
exercises similar iu form, yet not the same. 

Witli a view"**to careful graduation, almost all the sums have 
been worked out in the way a beginner is likely to work them. 
Exercises have been set in algebraic dictation, as in Exercises I. 
IV^. V. VI. XXVII. ; and an unusually large number of very 
simple exercises has been given under each rule, in order that a 
pupil may not, on beginning it, be disconcerted by the mere 
mechanical difficulty of working. Many of these, for example 
Exercises VII. IX. XII. XVL XVIL XLV, XLVII.-XLIX. 
are meant to serv^ for mental exercise in class-work. Great 
care has been taken to secure accuracy in the answers. A 
note of any errijr that may be detected w'ill be thankfully 
received by the Publishers. • 


The work, though specially adapted to the requirements of 
schools under iuspectiou, will be found suitable for elementary 
w'ork in schools generally, for pupil-teachers, and for students 
preparing for university local examinations, or for the first and 
second stages of the examinations in mathematics hel d by the 
Scieime and Art Department. ^ ItadHi 







PREFACE TO THE NEW EDITION. 


In this edition the cha|iter8 on General Besulte in Multiplica- 
tion and Resolution into Factors have been re- written, and the 
exercises on them greatly increased in number ; many additional 
examples have been given in Exercises XXIL and XXX 111. ; 
the chapter on Simple Ef{uations and Problems has been 
subdivided and largely extended ; and sets of Test Exercises for * 
revisal have been added. 
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STANDARD ALOEBBA.-PABT L 


irOTATIOR. 

1. Algbbra is the science in which we reason about Icnown 
and unknown quantities, using symbols to reprecTent the quantities, 
and signs to shew their relations to each other. 

The symbols employed are the letters of the alphabet Usually, 
but not always, the drst letters a, by e, &c., stand for known quan> 
titles; the last letters, x, y, Zy for unknown quantities. The 
signs employed are explained below. 

Arithmetic also uses signs and symbols. Its signs are the same 
as those of algebra ; its symbols are the figures* 1, 2, 8, 4, &c. 
Tliese, however, represent only known quantities, and therefore 
with known quantities alone can arithmetic deal. Algebra diffors 
mainly from arithmetic in using other symbols besides these, in 
using them to represent both known and unknown quantitiee, 
and in dealing with the unknown just as if they were known. 
How it does so will be seen as we go on. 

An algebraical letter may represent different quantities in 
different Sums, but always stands for the same quantity in the 
.same sum. llms, if a stand for 5 in a given sum, it stands for 5 
*all through that sum, although it may stqpd for 6, 7, or some 
other quantity in another sum. Of course different letters in the 
sdme sum always stand for difierent quantities. 

• 

2. The sign = means that the quantities between which it 
stands are equuL 

. It is called the sign of equalityy and a = 6 is read * a is equal to 
by or ‘ a equals 6.’ 

3. Tlie sign of addition, <f , called plus (the Latin word for 
mors)y means that the quantity before which it stands is to be 
addsd^ 
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Thus, a -f & is md * a plus b,* and ineatia h added to a, or the ^ 
mtm of a and 1. Similarly, a + ^ c is plus h plus c,’ 

and means b added to a, and c added to their sum. If o = 12, 

6 = 5, and c = 5, n + 6 -f c = 20. 

4 . The sign of subtraction, — , called Minus (the Latin word for 
less)f means that the quantity before which it stands is to be 
subtracted. 

Thus, n — 6 is read * a minus h* and,mean8 b subtracted from <t. 
Similarly, a — 6 — c is read * a minus b minus c/ and means h sub* 
tracted from a, and c subtracted from the result. If a = 12, 

6 = 5, and c = 3, a — 6 — c = 4. 

5 . The sign of multiplication, X, means that the quantities 
between which it stands are to be mult^lied together. Sometimes 
a point (. ) is used instead of X, but most frequently the quan- 
tities are merely written in close succession without any sign 
between them. 

Thus, a X 6 X c, a.6.c, and abc all mean that a is to bo mul- 
tiplied by 6, and the result multiplied by c. The first and second 
forms are read * a into 6 into c ; * the third, ale. 

Where ktt^s only occur, or fetters preceded by a num6er, X or 
the point is seldom employed, close succession being quite 
sufficient to indicate their multiplication. We therefore do r40t 
write a X 6 X c, 12 X a x 6 X c, or a , 6 , c, 12 . a . 6 . c, but 
merely a6c, 12a6c. If a = 2, 6 = 4 And c = 4, 12alc = 288. 

Where numbers only occur, close succession does not indicate 
multiplication at all, and the point is used to do so only where it 
cannot be mistaken fbr the decimal point. Tims 432 = 400 -h 30 
-f 2, not 4 X 3 X 2. So, also, 4 . 3 (with the point on the line) 
= 4X3, and 4.3.2 = 4X8X2; but 4'3 (with the point 
above the liney =<^4^ec{)na/ 3 ; that is, 4fy, 

6 . The sign of division, 4 -, means that the quantity b^or^ it 
is to be divided by the quantity after it. More frequdhtly the 
quantity to be divided is placed above the other with a line 
between them. 

Thus, a -r 6 and ^ both mean a divided by 6, and are both read 
‘ a by h* Sc, loo, o -j- 6 ~ a — 6 and both mean a -h ^ 
divCded by a — 6, and are read ‘ a + 6 by a — 6.* If a = 12, 
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♦ittid h sr 8, 2+4 = Hi-I = ^ = 6. It wiU •fterw4rf» l» 

, 12 O » 

that the form pi^^araWe to « -f A -f a — 6. 

a 0 

t^XKRClSB I. 

I* Write (1) ah^ cdy bcde^ ^cf, 128<tcrf in other two forms; (2) 
582, 768, 849, 1668, 2304, 6060 in their xuicontracted form; 
(8) 5 c, dfe -r ^ Mab -^-Scrf, 5 + c -r c — di 6a6 — icd Sdle 
+ 86c in another form. / 

2. Bead each sum in Exercises 2 and 8, using instead of signs 
(1) the words odd^ subtract, muhipKed ity, divided by t (2) the words 
plue^ minus, into, by, 

8. Write down each of these sums when read to you. 
Exkucisb II. 

If a = 6, 6 s= 6,c = 4,'d— 8, es= l,/=s 0, 6nd the numerical 
values of the following expressions. 


Example, 

d + 6 - 2c + 12crf — 1 Iflfe - 7?/^ • 

-s 6 5 - (2 X 4) + (12 X 4 X 8) - (11 X 3 X 1) - (7 X 4 X 0) 

-6 + 5- 8 + 144 - 33 - 0=r 114. 


The need for endosing 2x4, &c., in brackets^ is explained in 
section 10. 

The pupil should exercise the utmost care in putting down all 
his work fdlly, intelligibly, and neatly. He may follow tlie 
models given here and in subsequent exercises, or any others his 


teacher may prefer. 

1. fl + 6 + c + d + c +y» 

2. a + 6 + c — d — c — /! 

3. *a + 6 — c — d — e +/ 

4. a — ?+c — d + c — 

6 . ci6 + cd + ef, 

6. oc — 6d + fl/I 

7. od — cs — b/» 

8. 2a6 — 2cf — 26d. 

9. 3cc -6<ir +76e. 

10. o6<r— bed + def — 6de. 

11. ocs + 6fl^ + aofe — 6ce. 


12. 2a6c — dfde — 4d<^ 

18. abed — Saijf + 6ucc. 

14. Sued + 6ce — 126d6. 

16. o6d« — bede + aedf + ethed* 

16. ad^ + a6ce — hede + ocdc. 

17. 2ahcd - 36ctjr+ babde - 

76cde. 

18. 24od - 13d/ + 176d - a6. 
•19. B3d/+ 64de + 18cd - 286^. 
20. 128cd-64c€ + 98d©r-676d. 

a 
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Exercise III. 

If a s= 8 , 6 = 6 , c = 6 , <1 = i, e = 3 , /= 2 , «id ^ ?ss 0 , find 
the numerical values of the following expressions. 


hcd^ 


Example. 

a h 2nh — ide 


c-d 86c - 7ft/* 

^ /fi y-K y 4^ ? zJ <2 X (4 x4x3) 

~ ^ ^ ^ 5-4 (3 X 6 X 6") X 2) 

- 120 - ? - = 120 - 2 - ^ = IIS - 8 = 110. 


90 - 84 
a b d a 

^• 5+”/+7 

2c 6e 66 7tt * 


* 6c ah hd ap 
' * «/ rfc a« "" ft/* 

Serf 4a6 _ 6^ _ 12o/ 

* 56/' 8q5^' 2ac loiV 


<i6c V acfe 

5 ? " Y 


ae 


ace 

Id* 


156dc 26ae / 18a<y 27acd 

’* 9ac 6cd 326e 166^ 

o + d, c+d h-^d d 

7. ^ ^ 


6 

a — h 

~ 


€ 

a - c 


/ 


g — d ^ 6 + d 

"7 T^* 


b — c 


u “_+* I 

‘d + e^e-f a-d-e~^ b-e-f 


+ ; 


10. 4ac — 

U. o 6 d-. 


Uad 

a + 6 -/ 
bee 


,_ 2 crf_^( 


12 . 


a + 6 4 " « *“ / 
tt — 64 -c — d — C+/* 


be 

g ~f / - 
bdg 


-def. 



NOTATION. 


18. 


14. 


16. 


16. 


a ^ d a i-cd 

a — <r- c o«? — c/e/* 4' e 


a 4 

c</ 4 ® . 

“/+ e 


a ^ b 

ae 

ce 

6 4 c - 


ac 

a 4</ 

ae 

be 


6 + d 

•IT’' 

l/'a 

— e* 


9adf 

Ziht 

ibet 

liaf ■ 

IBabf 

Vitde 

a-c+f^ 

6 — 4 ^ 
d-f+e 


^ + _ ^d — ae-^df ^ ah — bf — def 

'' cS - <ie - < 2 /* bd-be-^h a/ +c/ -(?(/’ 

acd - Ice - apf ade ctff -- ac cde ^ de 
ah/ - be/ - 6r// - c/ ce/ - f(/’ - i/ 'Td 

Bad — 8o6 4 Bde iag 4 86</ I3c/c ~ 11^ 

Sic - 7r/~ 2c// ^ ‘Soe'^ 4c/ fafe 

404/* — 4cafe 4 2</ Scic/ — bd Id/ — 1 Ic 

'me~^b^tsf 2bc +'a^rf ~ Te - V' 


NOTATION— contmued. 

7, When two or more quantities are multiplied together the 
result is called their product^ and the quantities so multiplied are 
called /actors of the product. The product of more than two 
fkctors is called their continued product. If there be two factors 
only, each is called the coefficient (that is, co-factor) of the other; 
if one of them be a number, it is called the numerical coefficient ; if 
a letter, the literal coefficient. Wlien a quantity is "broken up 
into as many factors as possible, tliese are called its ekmeniary 
/aciora. 

Thus,*12ci/> may be considered as the product of the two 
factors 12 and ai, wliere 12 is the numerical coefficient of ab^ and 
ab the literal coefficient of 12 ; or as the continued product of 12, 
Cl, and b\ or of the elementary factors 2, 2, 3, a, and b. 

8* When all the factors are the same, their product is called a 
pomr of one of them. The product of two such factors is called 
the second power or square of one of them ; of three, its third 
power or cubes of /our, its fourth power; and so on. A quanftty 
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is soroetinies called the Jirst power of itselt A ^all 
placed over a quantity, and to its right, indicates the |K)W€r 
to which it is raised, or the uumber of factors of which it is 
composed, and is called the index or exponent of the power. 

Thus, the product of the two factors, 5X5, called the square 
or second power of 5, 5 squared, or 6 to the second power, is 
written 5® ; the product of the three fketors, 5 X 5 x 5» called 
the cube or third power of 6, 5 cubed, or 5 to the third, is written 
5 * ; that of the four factors, 5 x 5 x 5 X 5, called the fourth 
power of 6, or 6 to the fourth, is written 5^. o X a, o X a x o, 
and a X a X <* X a, are read in the same way, and written a®, 
aV a alone, that is, a to the first power, may be written a\ In 
every case, the indent denotes the number of factors in the power. 

9. When all the factors of a quantity are the some, one of 
them is called a 7'oot of the quantity. 

The egmre root of a quantity is the factor whose square or 
second power gives the quantity ; its cv5e root, the factor whose 
cube or third pod*er gives the quantity ; its fourth rooty the factor 
whose fourth power gives it ; and so on. 

Thus, 6 is the square root of 25, because 5*, i. c. 5 x 5 = 25. 

* ft cube 125, ff i, e. 5 X 5 X 5 

= 125. 

tf fourth (I 625, « 5\ i. c. 6 X 5 X 5 

X 6 625. 

f/ a* is the square » a®, # n®, t. s. o® x a® = o®. 

The root of a quantity is indicated by putting the sign (a 
corruption of the letter r in root) before it ; its square root by 
or simply \/ ; its cube root by ^ ; its fourth root by 

Thus, v'25, >^27, mean the square root of 26, the cube root of 
27. So V®* meaps the square root of‘ 


Exescisb IV. 

Read the following examples, using words for signs, and write 
them in algebraic form when read to you. 

Find the values of 

1. 6^ - 9* - 8® -f- 4®. 

2. 9 . 3® + 5 . 7® - G . 5® - 2® . 8*. 

8®X4* 5® -15® 3® + 5®- 11® 

t 2® X 9® 16* 3* -f 4®. 8* ’ 
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4. V9 + 8v'16- 2Va5 -4^/1. 

6. 4^125 - 6^81 - 2^1 •+ 8^128. 

^/4 X 16 8^27 7^82 +_6,J/16 

”■ V4 X ^16 2^64 + S^r' 


If a = 4, 6 = 3, c = 2, rf = 1, e = 0, find the values of the 
following. 

flxampk. 


8* - o* S.’/a 

4* + 2<4i S^d ■ 


3»-4’ 


S’ + 2. 


L 4. 8^^ ^ 87 - 16 , 8ji8 

1* 2</l y + 2 2 . 


= ll+«=l + 8 = 4. 


7. a* - 4* - c‘ - </•. 

8. o4* - 4c’ - c’d*. 
0. a*b-h<*- 4V. 

10. aW - 4’<f - c'c’. 

11. 3’a - 84“ + eV. 

12. 2W + 2’4“ - 


20* 


,q 3“’ 

■ 2c’" ~ 9? ■’■.Serf’' 

3’-|^o‘^.54’ 10’ 

**• a’6’-4?-'6<P'^ 4’c 
46. a* - 6*c' + 4*0* - e*. 
a/’ — <f ac + a' 
ij”4 o’ ■ c* 


16. 


And, if a = 64, 4 = 27, c 

17. Vo- >Jo- ^d- VI- 

18. .^o - .^4 -f ,ya - .^1. 

19. 8.,yc + 2.^0 - ^h^a. 

20. 3Vc’ - 4.^d’ - 2^e*. 


16, <f = 8, e =r 4, find the values of 


^ NOTATION — continued. 

10. Bradeets, (),{},[], are used to denote that nil the 
quantities 'within them are to be treated as if thej formed but 
one quantity. 

Note the difference of meaning caused by the introduction of 
brackets in the following expressions. Ifa = 16, 6 — 9, c = 2: 

a-6-c = 16-9-2 = 6; 
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a + 6c= 16 + 18^S4; 

(a + 6)c = (16 + 9) X 2 = 35 X 2 iss 50, 

5(5® = 9 X 2* = 9 X 4 = 66; 

(5c)* =;s (9 X 2)* = 18* = 324. 

Va + * = -s/16 H- 9 = 4 + 9 = 13; 

^/{a + 5} = V(16 H- 9) =: V35 3. 

The vinculum, a line drawn over the quantities connected, is 
sometimes used instead of brackets. Thus, a — (6 — c), V(® 4- ^)» 

&C., may be written a ~ 5 — c, V<* 4 &c. In the line 

n -f- 6 

is really a vinculum, meaninj? the same as (a + fi) a. « 5). 
ExURpISB V. 

Read the following examples, and write thenj down when read 
to you. " j 

If a = 6, 6 = 4, c = 8, d = 1, c = 0, find the values of the 
following expressions. 

ExampU , — Bemove the inner brackets first, thus : 

{o* — (6* - c*)j-{c^ - c(6 + d)*} -h ^a6'+T 
=: {36 - (16 - 9)}{3^ - 8(4 + 1)*} 4 ^^24+1 
= {36 - 7}{81 - 75} + -^27 = (39 X 6) 4 3 = 174 + 8 = 177 

1. 3a — 6 - c — d. 4. (a 4 — rf). 

3a — 6 - (c — d). (o 4 6)c — ti. 

3a — (6 — c — d). a 4 6(c — d). 

3(a 6) — c — , a 4 5c — 

2. a* ~ 6* - c* - dr. 5. (a 4 A)». 

(c* - rf*). « 4 5». , 

a* - (5* - c® - cfO (« 4 5 4 c)*. 

o® — (6* — c*) — (f*. a 4 5 4 c*- 

3. 3(a - 6 4 e- (o ~ d)*. 

3(a — 6) 4 c. a — d^. 

3a — (6 4 c). (a 4 6 ^ c)*. 

3a — 64 c. a46 — c* 
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; 7. aW, (d&r)*, 

6* + ^ + V^ + c + ^ + Cj t^h c a 1 , 

9. Vfla - V24a -ll6 + 28c, lU, 

10. VK** + + 0> V(^ 4* <?)^ V^V(<* "f" ^)* 

11. s/^jAf -1- c. 

12. >i/4S*T •yw, 
is. iJW, is/h^c\ ^bc% ^ 6 *. 

14. v'4(a 4- c), V-iVCa + c), V4(o 4- c), 

V'iVT'cn V4V(a4-c)*, v'4X« + <?)“. 

15. 5a — 2J — c — d — 25 — (c — €?) — (26 - c d). 

16. 5a — 25 - (c — rf) — {25 — (c — rf)} — Scte, 

17. 6e- -I- 2a* - 5* - c* + 2a* - (5 - c)* 4- (2a - 5 - c)» 

18. Qa* - 5* - c* - d* - {5* ~ (c - d)*} - {5 - (c <^)}». 

19. v'lCo* — V« + 6 — — (a-^a + c — dis/2Sh). 

20. {a - (5 - c)}{a* - (5 - c)*}{« - rf*(a - 5/}* 

21. 4a* - [(5 - c){a* - (5 - c)*}{a - d*(tt 5)*}*]. 

22. 2a" - [a(6 - c)a (5 - rf*)*(a 5)*(c - rf)] - e*. 

KOTATIOK— continued. 

11. The sign .*, means then or iher^ore; the sign since or 

because. • * 

12. Tlje sign placed l)etwoen two quantities, denotes their 
differmce^ and is used when we do not know which of them is the 
greater. 

Tims, a ~ 5 means either a — 5 or 5 — a, according as a is 
greater than 5, or 5 greater than a. 

13. The aign means greater than; the sign kss than. 

Thus, a 5, means a in greater than b; a ^ b, means a is 
less than 6. 
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14. The double signs, ± {read ^phs cwf mkm*) and ± (mdm^ 

*sm or d^erence^X are sometimes placed between two quanUdee* 
to denote their sum or differencef ± being used when it is not 
known which is the greater, <. ' 

15. Quantities connected by are called /oc^pfs 

(section 7) ; those connected by additim or that is; 

by the signs + or — , are called Urns. Simple dtianUties consist 
of one tef’mi compound quantities, of oiore than one temu 

It is of great importance to distinguish factors terms, and 

simple quantities iVom compound. A term may consist of a 
single quantity, as 13, u, 5, Va*; or of several factors. Tima, 
12a6 is a single term of three factors, 12, et, and Bab X Scd a 
single term of two factors, Bab and Bed ; 4(o -f 5}{c 4* <f — a), a 
single term of three factors, 4, (a + &), and (c + a — e\ though 
(a 4- b) is itself a compound quantity cf two terms, and (c -f rf «-* «) 
a compound quantity of three terms. 12, a, A, 12a5, 

Bab X Bed, 4(« -f 6) (c -f- c/ — «), are, tberefbre, sim^o quantities, 
and we see that a simple quantity may have a compound quan* 
tity for one of its factors. On the other hand, 4a + Bbe — is a 
compound quantity of three terms, 4a, Bbc, and — d; 3(a 4 4) — c, 
a compound quantity of two terms, 3(a 4- b) and — c. 

16. A simple quantity is also called a monomial; a compound 
quantity of two terms, a binomial f of three, a trinomial; of /oar, a 
i/uadrinomial; of wore than four, a multinomial or polynomial 

17. The order of the factors or of the terms that compose a 
quantity may be changed without affecting the result. 

If tt ~ 3, 6 = 4, c = 6, 2ahc, 2acb, 2bca, all =120. A numer- 
ical coefficient, however, is always written first, and the letters in 
alphabetical order, unless for some special reason. 

Similarly, a —^6 4- c will mean 3 things a person already has, 

4 to be taken fronf him, and to be given to him. We cannot 
begin by taking 4 from him, seeing he has only 3, but it will 
come to the same thing if we first give him B, and t^hen take 
away 4 ; so that a — 5 + c = o^-^ — 6 = 4. In tlie same way, 

— 6-fa4‘<J==«4-c--6, ora — 6-hc. 


ExfiRCISE VI. 

Ifa = 6, 6 = 6, c = 4, ci = 3, e = 2,/ = 1, find ; 

1. (a 4 6 — (d — 6 H”,/")* 3* ad^ (a 4 4 

a 4 6 - (c - d) — e 4/. 4. a® ~ 2o *, cd. 
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Shenr |>7 whiufc ^niintitjr 

6. 

0. <!«p4£:(c4)*; <& + + <0- 

' . 7. (« 4- hXc -* g) ::?*{« 4 h(c - c)}, 

8* a*<7^ac*j a5*^(aA)*. 

8. Of how maay teitng 4oes each example in Exercises II., 
in., IT,, and V. consist ? And how many fSactors has each of 
their terncks? 

10. Using only the signs of addition and multiplication, and 
keeping the letters in alphabetical order, combine a, 6, r, d into 
the form of (1) a monomial, (2) a binomial, (8) a trinomial, in as 
many ways as yon con. 


ABDmOK. 

18. Quantities having 4 before them are called positive, quan- 
tities ; those having— before them, negative quantiti^. Similarly, 
4 and — are called respectively the positive and negative signs, 
and sometimes simply The signs. When a quantity has neither 
4 nor — before it, 4 is understood. 

In a — /> 4 c — d, a and c are positive quantities j — b and — d 
negative quantities. 

19. When a quantity has no numerical coefhoient expressed, 
1 is understood. Thus, a means la ; that is, once a. ^ 

80* Quantities that are exactly alike exce|)t*in their signs and 
co^cients are colled Hke quantities ; other quantities are called 
unlike. 

Thus, a, 6a, — 7a are like quantities; so are 4a*6^, 
— 6a*6*; — 6r''y, 66r^y, — %bx^y. But aft, cd, are unlike 
quantities ; so are a*, a\ a* ; 7a, 6a6, 2ahc ; and o®6c, ab% and 
abc^. 

Such quantities os ac'% — 6c*d, and «cV may be, and often are, 
consider^ like quantities,' fur they difibr only in their literal 
coefficients, o, — h, and «. Similarly, a6xw, Scdxy, and — may 
be considered like, as they diflTer only in their coefficients aS, 0cd, 
and - 6, , o 

inaA „ 
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21. In algebra, os in aritbinetic, attly Hke ^uintitiea em lie #^ 
added together or subtracted cue ih»n another. 

If required to add 1 t)ound, 6 shillings, and 4 pence, all we can 
do is to write down ;£l, 6s. 4d., till we change tliem into the like 
quantities 240d. -f 72d. + 4d, BI6d.| if requiiM to subtract 6 
shillings from 1 pound, we can merely write £J — 6s., or change 
them into the like quantities, 20s. 6s. 14s. Similarly, 4a, 

6a, 6a added together, give 16a ; 4a, 66, 6c added together, can 
merely be written 4a + 56 + 6c ; 4a6 subtracted from 6a6 gives 
2a6 ; 4orf subtracted from 6^ can merely be written 6d6 icd. 


Case I,— To Add Like QiXANtiriss. 

22. Kui:.E.->-Find the difference between the sum of the positive 
and the sum of the negative coeiBcienis, prefix the sign Of the 
greater, and annex the common letter or letters. 


Examples, 


Cl.) £9 

(2.) 9s. 

(3.) 9a 

(4.) 9a 

£1 

Is. 

a 

— a 

£7 

78. 

7a 

-Ja 

£17 

irs. 

17a 

a 

(50 -9a 

(6.) a ’ 

(7.) 6a6 

(8.) 6a*af 

— a 

7a 

7ab 

- I7a*a: 

7a 

— 9a 

— 8a6 

9aV 

-3a 

— a 

5a6 

- 8a*r 


In these examples, where no sign is given, -f is understood ; 
and a and f* a, standing alone, mean -f la, - la (sect. 19). We 
do not add the a’s together, just as we do not add t)ie and s's. 

Let a mean a ba£ containing 4 marbles ; then, in (6), 9a + a 
-4- 7a will mean 9 bags, 1 bag, and 7 bags, altogether 17a; that 
is, 17 bags, to be added to a boy's stock. In (4), 9a, s- a, and 
—7a, will mean 9 bags to be added to it, and 1 bag and 7 bags to 
be taken from it, altogether 9 bags to be added to it, and 8 bags to 
be taken from it ; and the answer, a, that is, + a, means that all 
this giving and taking simply amounts to at once giving him 1 
bag. In (6) and (6), tJie answers, - 8o and — a, mean that all 
the giving and taking in these examples simply amounts to at 
once takSig 0 bags, or 1 bag, from him. In (8), if a = 8, at 2, 
a^iT may be taken to mean a bag containing 18 marbles. The 
same results will be arrived at, if we take positive quantities to 
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mean money a pemon haa, or and 

igff^y be haa to ^re aaray, or aeil 

WxmoiBK yjt 

L 3a + 3a-f 4- 6a4®«* — #Wc. 

2« 6a47a + a4'l^o«-f-0a4*^®» llojt**— aaf*47aip*’-- 
8^ 4ab 4* Seth <4* 7a& 4, aft 4 8^ 17# ftaO’^ 6ac 4 4 Toe— 9ac» 

i. Se^ft 4 5a*ft + 4 2a*ft» » IS. 7oft<? — dotbd - ftofte 4 4afto. 

6. — 83f-4a?-ar^Say-9a:~6:p. 19. T-7ay2+9*ya 48ayjp-*3agf*- 
^4y«*3y "*‘y'^Sy**7y'--6y. ! 20. Sed* — XScc^ — 8c<l* 4 9w^*. 
7* — 0ax — 9ajf — Base — a;r. ^ 21. — 8ai*-^7aaf*4 12 <Mi?* 4 ' 6 a«* 

8 . - Safi- iafi~afi-7afi, \ 22. hcfi-Sxfi-Sxfi + 7xfi. 

9. I8a 4 9a — So — 4a — 11a. | 23. 9cd~-$ed 4 4 2ed--$cd, 

10. 6aft47oft-aft-eaft43a6. 24. 7rf-9rf~8cl4W-6<i411<i 

11. 12ay—x^- 7ay 4-44^— ftay. 25. -.ftte— xr49da— 8aa44iKe* 

12. 8jc^y — 73^ — 4ar*y 4 6j:*y. 26, . — 7ay 48cry 4<^— 6ay48ay. 

18. 16aj:— 9«4r4ax— 8ax42aar. 27. — 6ay®4 9ay*— oy*4 7<qf*. 
14. 9j:y— 7ay—3xy— jty 4 Sxy, 28. — 4x— 6x4^ — 7x 4 lOx 
29. 6ax*y — 7ax^ 4 18ax*y 4 19ffjc^ — 9ax*y 4 15ax*y — ax^. 

80. — l4o®x* 4 9aV — 17o®x* 4 

81. 8aftc 4 9aftc — 7aftc — 6aftc 4 6aftc — 4a6c 4 lOoftc — 14aftc. 

82. - a»ft* 4 8a»ft* 4 9o»ft* - -- 7o»ft* 4 9o*ft* - lla»6*. 

88. Iftfta* - 7fts* - ft*® 4 8ft«® - 9ft*® - 15ft** 4 6ft** 4 2ft*». 

84. 9a*x 4 7a®x — a®x 4 8a®x — 4a®x 4 8a®x — 29a®x 4 6a*x. 

85. — 704% 4 4ox®y — 8ox®y 4 aa^y — 9ax*^ 4 <uf®y — 6ox^. 

86. - 16x®y* 4 18x*y* ’- 17x®y* 4 19A« + ^0^* - W*Vf. 

87. Work each of these exercises again, changing every sign. 

38. Choose some number (greater than 0) to stand for each 
letter of each sum ; find the value of each tern], and add ' tbese 
values together; If tlie result be the same ae the value of the 
answer, the answer will be correct. 

pw, » ^ 
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SSil Why tbotiM each number dioaen be gmter ^im O f 
Case II.--T 0 Ann QuAuxinns Fautl^t Ijkb xim Fahtlt 

UiriiiKB. 

23> HiJLB.-^Add each eet of like ^[nantitiee as hi Case L 
Maoampiea. 

(I.) 4a 4- 6a*4 — 611 — 8c — 7aFh -f -f s 4- + dc, 

(2.) fi(a 4- x) 4" • (« 4" *) — Qax ^ 5 — 86c 4- oar 4- 

4(a 4- Jt) + So*. 

(1.) 4a 4- 5a^ 8c 4- s (2*) 5(0 4“ s?) - 6ox 4- 66c - 6 
—8a ^ 7a®6 4- « — (a 4- *) 4- «* — 26c 

— a 4- a*6 4- 6c 4(a 4- ar) 4* Oax 

—3a — 0*6 — 2c 4“ e 6(0 4* ar) 4“ 26c — 6 

At first it is better to arrange tlie like quantities in columns ; 
after some practice, the pupil will be able to pick them out and 
add them by merely glancing along the line. Care must be taken 
to give eadk part of the answer its proper sign ; in (2), — 6, with- 
out a sign, would mean 4- 6. The answer is ^ the same with 
whatever column we begin, but in algebra it is more convenient 
to work from left to right. 

Exbrcisb VIIL 

Find the sum of 

1, 8a 4- 46 — 2c, — 5a 4- 86— 7c, 6a— 26 4- —a 4- 56— 3c. 

2 . -4a-66-c 4 - 8 , 46-7C-7, -2a4-86 4-2c, - 6 - 8 . 

A 6x — 8y 4** 2«, 4y 4- 8, — 8x — 7r - 6, 2x 4- 8y 4- z, 

4. a* 4- a*6 — 3a6*, — 7a* — 8a* 6 — 06*, 4a* 4- 9a*6 4- *8a6*, 
8a* 4* 0*6 — 6a6*, — 9a* — 7a*6 4- 6a6*, 2a* 4- 8a*6 — ra6*. 

6 . Sox* — 6 xv* — 14c** 4 8 f — 2eu:* 4 - U:iy* — 3c**, 7xy* 4 - 18t*- 

— 5, Sax* — 6c** — 6, — lOox* — 9xy* 4- 8» 4* 4c**. 

8, - 7a6* 4- 606*- Bah 4- 8a, 6a6»- 4a6» - 6a, - 9a6*4- 8a6* 

— 4a6, 8a6* 4* 8fi6 — Ta, 8a6* — 5a6 4* 0«, 2a6* — 9a6* 4* 806* 

7. - 8a*xy 4- 4ax> - 2axf 4- 4a*a:y — ax*y 4- 7axy* - Wxy 

— 8axy* 4- — 8ai*y 4- 8or//* — 2a*xv — ajy*. 
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9* or* - 4 93?** - Soar* - 9«ap* 4 44?jr ff 4o«» 

^ 9*** - 7a** - 430** - a** 4 4a^ 4 5«*a. 

9. 3cW-4«P^4 »a;y4 4 7<^^4 9(iV- 

4 43iy — 8** -- 6(^<l* «- Bay 4*« — Be*# 4 9#** 4 

10. 6a*-«-a*x 4 7a*y — B*4 ^ 9#4 9c^-^B«V4 BB*-^ 

— 4a*3» - 64* Bif - 4a* - 2a^ 4 4 - iSB* 

11. -8a»x 4 4Ay - 8B 4 3c - 6a**y 4 7B - Be 4 5a*x - 9B 

4 7c — 7a*x 4 — c 4 Ba*x — Sa*ay 4 3B — 4a*4fy — 4c. 

12. 83C*y* — 0a^* 4 3.ry**-^ Sxy* — x*yc 4 7x^z^ 6*y«*4Bi3w 

4 3#y« — 6a^* — 4x^** — 12x*^* 4 7ay**. 

13 . «. a*B - 7 a^ 7aB* 4 3#c - 8a*B 4 €a*B 4 SaB* 4 «c* 
4 3<wi* 4 2a»B - Ba*c 4 6ac* 4 4a*c - SoB* -- 9ac* 4 

14. ^ 7ae 4 6ax-4ac 4 2ac, — 4ax 4 Bay 4 Bae 4 Bay, -Bey? 

— Tay-' 7y*— 2xy, Bay 4 4y* - 6ay 4 Boc, — By*43yaf 43ay — Bax. 

16. Bx*/ — 4xV + 3x/ — 2xy, 8a:*y 4 Bxy — 7x*/ -* €x^, Bay* 
-2x*y 4 Oa:*y*— 7xy, Bxy — 2xy*— 8**y — 8x*y* 

16. 0x*y — 4x*y* — 2A — Bx**," BxV 4 Bay* — 4x*«* 4 3x** 

— 4x*y — 4ay* 4 8xV 4 x*y* 4 x*« 4 2x3;*, 2x*y 4 aV* 

17. a* - #B* 4 aV/- B*, #6 4 a*B* - aB*, 2a‘B* 3a*B*- o* 

4 4B* 2aB»-6#B»* 30*6 -SB* a»B»- oB* 4 2a^*- B*- o*. 

18. X* 4 #y* — x*y*, 8x*y* — 2ay* 4 x*y, BxV — 3x* — **y, 

2x*y 4 4 2xy 4 8xy*, 8xy — 4ay 4 Bx*y* — 4ay 4 4x*, 

8s*y - 4xy- 6xy- 2;^*- 8x". 

19. 4o*B - Ba*B* 4 BoB*, 8a*B 4 7o»B* - 9oB» - 6ri*J - 6«*B* 
4BaB», 7a*B 4 8a*B*- SoB*, - r,a«B - a»B»4 4«B». 

20. 8a*B* - 2a*B 4 4aB - BoB* o*B - Bo*B* - 2oB 4 7cB*, 

— 6a*B*--J5a*B 4 3aB 4 8oB*, a®B*— 4o*B 4 aB 9aB* 

21. 7a*ay - 5ffx®y — 4axy® — 6aay, — 9o*xy 4 7aay 4 B<*ay* 
4 4aay, Ba*ay — 9flx*y — Boxy*, — 2a*^ 4 6ax®y 4 Bd^4 oxy. 

22. -Sox* 4 2Bx’* - 4ox» 4 6c?x*, ox* - 6Bx» - Bex* - 8<i*», 
2ax* — SBx* 4 6cx® — 7dl**, a# 4 BBx* 4 2cx* 4 4fl2x*, 

28. 4a*B*x — Ba®Bx — 6oB*x — SoBx, 2a*Bx r* 7ii*B^ 4 4aB*x 
4 BoBx, 3a*B*x - 4a*Bx - 2a6*x — aBa^ 8oB*x 4 6«^x — a*BV.^ 
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24. - 4xy + 6^ — 4a?*«, 6ac*a 5^ + 7irV 

4- 4^*^ -- Sx^ - 54ry — $x% Sai^jf — 4- 4 4^ 

25. 4a<a -T 6) — &5f(c — iO» «Ca*^ 5) 

4-3<c — <f), — 2ar(« — 5) 4 - %(<? ^ <f )* 

26. 7a:(a — 5) 4“ (® ^ 4 aff «<« -* 5) 7(^ ^ rf)y 4* 

- 4jf(o ^ 5) 4 a(c — — Bwn, 8*(« -- 4) 4 2(c — rf> . 

27. S(a - 5)jr 4 ay — 6(wi •- «>, (o -- 5)3r 4 4(«i — n>, 

— 4(tf — 5)x — 2ay — (m n)*, 6(4r — 5)i 4 - 2(m — «)*. 


fiUBTEACnOH. 

24. The quantity from which another is subtracted is called 
the minttendf the quantity that is subtracted, the subtm/ieMi ; 
the result, the rmainder or diference (L. mmuendum, to be less* 
ened; subtraAendum, to be subtracted). ' 

25. RuLB.-*-Change the signs of the terms in the tubircdiwd^ 
and proceed as in addition. 

n Erampkiim 


( 1 .) 9 

7 

( 2 .) 

9 

- 7 

(2.) - 9 

7 

(4.) - 9 
- 7 

2 


16 

-16 

- 2 

( 6 .) a 

0 

( 6 .) 

a 

-6 

(7.) -0 

6 

( 8 .) -0 

— ft 

a — b 


0 + 5 

- 0-6 

•** 0 + ft 


If Jolya has 9 marbks, but owes James 7, his stock, after 
James is paid, ia evidently 9 -* 7 = 2. Thus we see that the 7 
to be subtracted is changed to 7. and — 7 then added to 9. 
Tlterefore, 7 subtracted =; — > 7 added. Similarly, h subtracted 
from a is the same as 6 added to a; that is, a — 5 . 

Jobn^s stock will be increased to the same extent whether we 
add 7 to it with which to pay James, or pay James for him, and 
thus take away his debt ; for, in either case, it will, al^er James 
is paid, be 9. 'Hius, to take away a debt of 7 is the same as to 
qM 7, that is, — 7 mhtracted » 7 addtd^ or — (— 7 ) as 7. 
Similarly, *- 6 suhiraeied from a, =: 5 added to a, ar a 4 * 5. 

In (1), 7 subtracted from 9, as — 7 added to 9, 5 = 9 — 7 a= 2 ; 
ln^(2), - 7 subtracted from 9, a= 7 added to 9, = 9 4 - 7 = 16 5 in 
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i&X 7 inl^ted - 7 added to - 2, « ^ 9 -r 7 

— 16 ; jo (4), - 7 aol^tmted ftom -4- 6, sa 7 added to 4-, 9^ =? 

4 * 7 — 2 * 

In (^i), (9% (T)» and (8), It it teen that ^he mhiaenda retain 
their own aigni in the answer, while those of the subtrahends are 
all changed { and that the results cannot be ex|«res$ed as nngle 
guantittes, but only as« — 6, a + a — ^1-* a -f ^ (tact. 21> 
They didfer from (1), (2), (S), and (4), only in having tetters frr 
hgures. 

' It is better at first actnally to change the signs, and to arrange 
like guantities under like; after some prsctioe, the pu{»il may 
merely suppose the signs changed, and proceed without arranging. 

£X£BCISB 

In the following exercises the minuend comes first, separated' 
from the subtrahend by a comma. 

1. (1.) 7a, 4aj (2.) 6a^ 5a*; {3.)Ba5, 9a5; (4,) 5r*, 

(5.) 75*, —6*; (6.) llxy, — 12xy; (7.) 4x; (8.) -^7ar, 

6x; (9.) -35* 45*; (10.) -8a,*- 7a; (11.) - 5y* -6y*; 
(12.) — 6x, — 6«; (13.) ox, ax; (14.) ax, —ax; •(IS.) — ax, 
«x; (16.) — a-r, — ox; (17.) Sa6, — 3fl5; (18.) — 3a6, 3a5; 
(19.) -3a6, -3a5. 

2. (1.) 6o5+ 6ac, 3a5-}-4ac; (2.) ISxy-flSxi, 10xy‘fl2x£, 

(8.) 18a*x + 175*x, 14a=x + 136*x. 

3. (L) 9a*c + 8ac*, 4a*c 4- fine* » (2.) 4x*y 4* 7x*x, 3x*y 

4. 6x®s ; (8.) Ux*y + lOxy*, 6x*y 4- 4zy* 

4* (1.) 12xy 4- 15xy, 5xy 4- 7xy ; (2.) 24oxy 4. 865xjf, 

9axy + t85xy ; (3.) 8a*x 4- 7a*x* 4- 9ax*, 4aV 4- 5a*x 4- finx*. 

6. (1.) €ad + 5dd, - Sad - 46d; (2.) 7o*<f 4- 4 <m?*, - 6o*<f 

— Sad®; ^8.) 6a*y 4- 6ay*, — 3a*y — 7ay*, 

C. (1.) — 7xy — 8xx, 2x^4- XX ; (2.) — 8fi*x*— 9a®x*, 2a®x* 

4- 4a*x* ; (3.) — 5x*yx — Ix^x — 3xyx*, 8x*yx 4* 6xy*x + ayx*. 

7. (1.) - 5aft - 35c, - 4a5 - 25c; (2.) - 9ac* - 10c*^i 

— 5ac* — 4c*<f ; (3.) — 9x*y - 2xy — 4xy*, — 8x*y — 6xy — 6xy*. 

8. 6x*y — 6a^y* 4- 4x®y® — Sxy®, 3z*y 4* 4x*y* — 2x*y* -f" 9^*^ 

9 . — a*5c — a5*c + o5c* — a5c, a*5c 4 a5*c — a5c* 4- o5c. • 
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11 . a^ — a?V + V “• /» - i»V ‘-- s»V 4" *3/* 

12. — jc*— 8a?* + 4a?*+5^— 4jr— B» a:*— 2«*4-0i*"-2x*— 8^ + 2. 
18, -.a* + a*-.a*-8a* -f. 40 H- «♦ >- o*-o^-Bo*-f 

14. 7a:*-€a*4.8a:*4‘4»*-iB-2, 

15. 5«(o — 5) 4“ 7(c ^ 8ar(c 5) 4- 4(c — rf)y. 

16. — 2(o ^ h)x + 8(c — <f)y, 8{o — 6)« «- (c — rfjy. 

17. — (o *“ 5)4 c* — (c — d)x, (a — 5)js* -f (e — )*. 

18. {w n)s? — (» 4- p)^ — (w — »)ar^ — (« 4 -;»>p* 

19. From 8a*^ ^ M> 6o5*> take Ba*5 4“ 5o6 2o5^ and 

- 4a*5 - lOab 4- 8ai’. 

20. From M — 7«*5*4- 8o*5* — a5*, take-^5o*5 — 8o*8* — 6a*5* 

- 2a6* and 6a*5 4- 4a*5® 4- a^6* — 8a5*. 

21. Take af*y — 2xy 4- 4x*y* — 2a:*y* — ay* and 4ar*y 4* 2ar*y* 

- j;y — 4xy 4- 4xy*, from — x*y 4- 2x*y* — 8ar*y* — 2xy 4- 

^ Beacxets* 

26. Sesohdim of Brachets.-^{1) The sign 4- before a bracket 
means that every quantity within the bracket is to be added 
(sect 10). Therrfore, 4-(5 4-c — c0!= 4-54-c — d; where we 
see that, when 4- precedes a bracket^ m may remote the 4- and the 
bracket if we retain the sign t^f every quantity within the bracket, 

(2.) ^e sign before a bracket means that every entity 
within the bracket is to be subtracted. To subtract quantities, 
we change their signs and add. Therefore, — (5 4- c — d) means 
5 4> e — d to be subtracted, which Is the same as.— 5 — c 4- d to 
be added 5 where we see that, when — precedes a bracket, me may 
remove the — and the bracket tf we change the sign of every quantity 
within the bracket. Thus, 

a4(x-y4a) = a4*®-y4**; c4-(-x-y4-2) s= o-x-y+x, 
o-ix-y+x) « a-x4-y-‘*; a-(— x— y-f^) = a4-x4“y-«. 

Where bracket occurs within bracket, it is safer to remove tlie 
inner bracket first. After this method is mastered, the pupil may 
try the plan of ^removing the outer bracket first, and use it as a 
ibst of the accuracy of his work by the former meUiod. But It 
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liil» cirel^tiy itTOcmljered that the i»a imter 

^Bracket 4 oe 0 mot idfect aoy <|iiAiiUty w^ithiE 

Tkp^ " ' / ‘ ‘ ' 

u ^ ^ {c *** (c<— 6 + <c) “h ^ Hh c)t«e} — (ef 4* ^ 

By flminetliod: 

« <3t {e — a + & — c 4- « -* ^ ^ tIt 0 

sra — a + ^’-c4-a^tf — ^ + c3 

erti — $4-fi-^a4*A — C.4* «-*5 + c-**tf4‘<* + ^~"C55« 
By aeeond method; 

as o — 6 4- {c — (a — 6 -f c) 4* (« — & H- c) — ^} + (® + B — c) 
ssa — 5 + c — (a — & + c)+(a — 5 + c)— a4“(«4-ft — «) 

asa — 64‘C-^o-l-i> — c4-e — 64‘C-‘« + o 4'B — osanu 
Bxescisb X 

Kedace to their simplest forms, hy clearing of brackets : 

1. a -f (o — 6) ; a 4- (— a 4- 6) ; a 4* (o 4- 6)* 

2. fl — (a4-6); o — (o — 2»); ^ a— {->a4-ft); a— (*-o— 5), 
3- a — A4 -c4-(o 4‘6 — c); a4-6 — c— (o + ^— t). 

4. a— a: + (a~ar)— (rt— ar); aH-ar— (a 4ar)— (a— a:) 

6. o — 6 — c — (a — 2A -f c) — (2a + 6 — 2c)\ o— 

(a—b 4- c) — (a — 6 — c)^ o — 6 4- c — (o 4* 6—c) — (o — B 4* c). 

6. 2a— 26— 2c--(3a486-- 8c)--(4a— 4c). 

7. a— 6 + c — (3a 4- 46 — 6c) — (2a — 66 4- 6c)— (6 — c — 4a). 

8. — (3ar 4“ — 5a) 4- (4ar 4- 8y — 4a) — (6x 4- 2y — 2«) 

— (6y — 6a — 9x) — (6x — 7y — 4a) 4- (3x -J* 2y - 7*) — (6x 
4- 6y 4 8a) - (8a — 2x - 4y). 

9. a {a — 6 — (a— 6)} ; a— {a 4- 6 — (a4-6)}. 

10. a — (a — 6 4- (a — 6) — (a — 6)} ; d {a 4* 6— (a *-» 6) 
^(«4-6)}. 

11. 6a*-(4a6-6»)-{8a* 4“ (2a6 4- 66*))-{2a*-(6a6 + 36*)l. 

12. 8a^ — {2ax — (4a® 4- 6ox)} — {a* + (3ax — x*) — (a^— a^)}, 
18. 1- {1- (1-2)} + {l-.(2 _l)_(l-2)} - {l-(a ^ 1)}. 
14. 6o-{A + (c-a)-(26+c)}-{4o-(c-4)}-{a-(&- e>}. 



W. [4^ - {y* ^ fly) -f ay - 

j:» ^ {fly*-* (y* 4 . flf»)}-a5^J^ <ay*4‘jr*)--{if*-f {*% 

-•(*#•+/)}]• 

17. l^p.{l.-(H-2)^<l-:2)H{l 4a-.2)}]-|l ^‘{l- 
( 0 - 1 )}]. 

IS. 8« - [26 -- {3c - {3e - 2^ 4- 8«) 4- («« - + « -{36 

«2c-(36-2c)}]-[Ba-.3c-{5« 4 (36^4c)} 4 {«-(> -f ^)}]^ 

27% Formation tuf Braiketo, «— When qtuuitttlefl are pltcad 
within a bracket* Hvt hmHeot wiU have 4 before it^ if ike signs of 
ike qwmUtks placed tvkhin di are not changed i but — btfore it, ^ 
theg are changed. Thus* 

a 4 flr-y 4 « 3 : a 4 (x-y 4 ar); or, putting y first, a— Cy-flr-«)i 

o— a— y4a s= o4(— a?— y+*)i or ratlwr, a— (flf4y-.3f), for the 
form a 4 (— s — y 4 fl) is veiy seldom written. 

With a doable bracket : * 

«4*-y4* = o4{af-(y~ «)}» or o - {y - (a; 4 «) J. 

« - * - y,+ * = « - {* + (y - *)}, or o- {r- (»-y)}. 

Great core should be taken in forming a double bracket ; aftet 
it is formed, its accuracy may be tested by resolving it again. 

Exnncisn XL 

Express by brackets, keeping the terms in the order given, and 
taking them ( 1 ) ttoo, ( 2 ) three, together. 

1 . a-J + c- rf + e-/. 2. o + /i-c + d- «+/ 

8. — o + b—c -^d~e 4. — /+e — rf— 6 — c + a. 

r . 

5. 3a 4 26— 4c— X— y 4 3. — 3« 4 26 4 4c — x — y -i- a. 

7. — 30-36— 4c— x4y— a. 3, —4c 4 36 — 3d — « a- y 4 x. 

3^10. Express the above by enclosing the last four terms in 
each in an cuter bracket, which shall include the last three in an 
inner bracket. 

17-24. Express them also by encluaing the Jirst three terms in 
an outer bracket, which sliall include the second and third in an 
inner bracket ; and the last three in an outer bracket, whidi shall 
include ^e^tA and sirth in an inner. 





Mm.muGjmtm. 

28» qmtitjr to be ihMUflkd is called ihie imUiphcmdi tfad 
^ua^itity wie muiiipfy % the muk^lier; the result, the prodn^ct, 

29L Henee seotichis 7, 8, 18, and 19, and, earefhlly nbte that, 

1. Quantities may be multiplied in any ordett 

Hius, Sac X ibd =s8 «a.c. 4 . 4. VJabcds 
and 2ad x 3be x Scf =2 •B.5»a,d.c,d,e » /«* SOab^d^* The 
letters may therefore be written in alphabetical order, 

2. Rule of SiONS.^Xtbe eigns give plus; unlike eiffns give 
minus. 

Let a = 6, A = 4. Tlien — a ts -- 6, — 6 = — 4 ; and 

(1.) axh will'mean, say, 6 marbles given to a hoy 4 times; 
that is, 24 marbles given to him. So that 6 x 4 ss 24, or a x 6 
s£ a&, where we see that a pcsitim quantity multiplied by another 
positive quantity gives a positive product 

(2 ) -^ax h will mean a d^t of 6 marbles put to his stock 
4 times ; that is, a whole debt of 24 put to it, or - 24 put to it. 
So that — 6x4 = — 24, or — 0X6= — where we see that 
a mgaiive quantity multiplied by a posUive quantity gives a nega- 
tive product. 

• 

(8.) a X — 6 will mean C marbles taken awag from him 4 times; 
that is, 24^ taken away from him, which (sect. 26) is the same as 
putting — 24 to his stock. So that 8x — 4= — 24,orax— 6 
= — a6, where we see that a positive quantity multiplied by a 
negative quantity gives a negative product. 

(4,) — a X — 6 will mean a debt of 8 marbles taken from him 
4 times ; that is, a whole debt of 24 from which he is to be 
relieved, which (sect. 26) is the same as adding 24 to his stock. 
So that - 6-x - 4 « 24, or - o X - 6 = ob, w here we see ihgt 



quantity multiplied Ik neffotm qmai^ gi^ <u 
p<Mi«riW product 

Front (1) and (4X we eee that tw 0 poaiim or mgo^ qiiail* 
titlea multiplied together giwe a podave pfsodudt; im (S) 
^ and (8X that potkive quantity and a imatio$ quantity molti- 

plled t<»gether |d^e a product. , JB^ce tlie ruj^ of 

at given abova In practice, it is best to ^ly it thus: a nos^ 
tivo muUipliet leaves of the mtU^mawf unttkmmi a 

negatm muU^p^ t^ongm thm {pka to miavs, mkm to plas> 

Thua, da X 4^ lSa6 ; - 2ac X 864 » da6c4; ^ X^4lc 
= — l2a6o ; -- 4aar X — 86y sa 20o6sy. 

3. Kolb or IirDtCB&«^To multiply powers of a quantity 
together, add Aeir indkm, 

ossa'; oXas;a*;6x65s:6*;&c. (sect 8). 
a X a*s: o*** s? a*; v a X o* s= a X a,a ss a«a.a s: o^ 
o* X a* ss o**® =5 o'* ; V a* X a® = a . a X a #0 ss a* a*a . o ss a*, 

X t^ss a*'*^*=s:a^; *,* o* X a*ssa.axa,a.as5a,a»a,a*as:a®. 

Similarly, 7o6 x 8a»6 =r 21o»6»: 5o*6* x - 4o6» = - 20a»6%- 
3a6c X — 4a6® X 2a6*y s= — 24a*6*<g/- 

r 

Oa«» I. — ^To Multiply Simplu QuAmriTiBs toobtiiek. 

30« Butb.*— M ultiply the coefficients together ihr the coeffi- 
cient of the product ; write the letters after it In alphabetical 
' order ; and obserre the rule of signs and the rule of indices. 

iS!raa^lss.^See the two preceding sections. 

Bxebcxsb XII. 

1. 3a& X 4c4*/3a5 X 2cx; Sac X Sdy ; 4a4 X 2cx, 

2. X 3ctfy ; 9aigX4M; 12a6y X 9cAr. 

3. — 6a6 X 2cd ; — 4atf X 35e; — 764 X Bae, 

4. — 6a6X3c4; — 66c4x7aey; — Sc6yX9ca;; ->7axX36y« 

6. 3o6 X — 7c4; Sac x —764; 6ar X —9%; Baty X — 864r. 

6. — 9a X —76; — $j:x— %; — 8ax— 96; — 7yx— 8oa?, 

7. a6xc‘4; — cwfXy; — a4x— 6c; ~^axxbd; ^atzx^hy^ 

eS. 7a6x-*iy; oxx— ll6y; — 9a«x— — 156yx-*7aw, 



• 9 . 8 ^X— -f 7 :»X 

10* -*9jirx§fl^; 4rarfX-9ic} -B^WfX--4&it, 

11. Mad tlpe tqimueB of (1.) a, 2a, 3a, 7a j (2.) ai&, da8, 
(a*)«6c, 2a*ii, ao^c, 6a6c} (4.) -a, -^2^^ -3a, -4a; 

( 5 *) -a 3 , - 2 a 6 , - 3 a&, - 2 a 6 ; (€.) - - 2<^ -Oa^o. 

12. Find the cahee to taiae ^^ueatities. 

13. Cl-) <»Xa^ a X o», -« X ; (2.) a X - a X -a^ 
*-a X — 0 *; (3.) oft X a^i* xa*6*, — a5 X a*M, — o&xa^*; 
(4.) a6 X — a*fi*^ — aft X — o*^*, — a6 X — a*A*. 

14. (1.) t^b^Xa%\ a%^Xa%\ X a»5*, ; 

(2.) a®ar X a**, — d'ar X a*^, X -a“ay, *- aVy X*-aa:y. 

15. 7a®aX— Ooa:*; -5cwr*x — 9aa:; — J7a/Xa*ay; oxx— a®a». 

16. — oaf'^y X— 8a*a^; — Sa&c x 7a^5V; -^15a*JP« X — o*ic*«*. 

17. — 3»m X 4in*» ; 6m®«V> X — mwp* » "• 28mVi x 13i»a*. 

13. o®ma:X — ai»®a:*; iw®»arx — 17iM*n*; ^t6a*w* X — Ua**®/. 


Cass 11.*— To Multiply Coxpousd Quanistjss. 


31 . HuLS.-^Multiply each term of to multiplicatMl hy each 
term of the multiplier ; to smn of the products thus obtained 
will he to complete product. 

ExampUi^ 


ha%c — Zah^c 

4abe 

20a®i*c*— 12a*6*c® 

Sa:*— 2ay 4- 3y® 

2x® +*8a^ 

6jf* — 4a:*y 4* Ojpy 

px»y - 6x*/4- 9^ 

6x* 4- S^V + 9^* 


— 4- 8^/ - 7jy* 

Say — 16a;V 4- Slay 

€? — OX 4" ** 

aar — a:* 

a'j: •* 0*01* 4- a«* 

— a*x® 4* 

o*x — • 2a®j:® 4- 2craf® — 


As in addition and subtraction, it is more convenient to work 
from left to right. We shift the second and following lines to the 
right, that we may place like terms under one anoth^. « 



M AmmtL 

Exbucmb Xni. 

1. 8a6 — 43^by2a^ 5i^ 6a6, ear*, 4;^ 4*y# 

2. 4ay 4- by Bo, 4aK*, 64, 7y, - 2o*, — ^ 6%** 

3* tf*ar — <wr* aa^ — a’a?, ^ — «V, 4cra:*, $t^x, 

4* — «* 4 a6 — 4^ by 3a» —34, — «*, a4*, — «4, — 

6. a* - 6* by a 4 4, a - 6, - o - 5, «• 4 4*, a"* - 4». 

3» 20 — 24 by 3a 4 84, 6o 4 4, o 4 24, 4a 4 84. 

7, — 4a — 54 by a — 24, 30 — 4, — 2a 4 4, — a — 4# 

3. 2a* — 8a* by Saar — Bar®, 6tf * 4 4ax, — 4 a*. 

9 ‘ (* + yX* + y). (* - yX® - y). (® + yX* - y)- 

10. (a* + /X* + y), (a* + y’X* - yX (a* +y)(a + yX 

11 . (a* - y*X* -y). (a* -/X* +yX (** - y*X* - y)- 

12. 0? + a* + by (1.) <* — x, (2.) o + x, (8.) — x*. 

13. a® — ax 4 by ,(l.) a 4 a, (2.) a — ar, (8.) a* 4 a:*. 

14. a? 4 Ca4 4 4* by (1.) a 4 4, (2.) a - 4, (8.) a® - aL 

15. a* - 2a4 4 4* by (1.) a 4 4, (2.)' a - 4, (8.) ab ~ 4*. 

16. «* - 20y 4 y*by (1.) a* ^ Say, (2.)2ay - y*, (3.) ay 4 2y*. 

17. 2a*4* — 4tt4x 4 2a;* by (1.) 2a4 4 2ar, (2.) — 2x — 2a4. 

18. 4a?x* Soars 4 4a:* by (1.) 2ax — 2s, (2.) — Saar — 4s. 

19. 8a*i* — 6oajy 4 3y* by (1.) 6oar 4 6y, (2.) — 4ox — 6y. 
20* 4a*a:* — Baxyz 4 4y*«* by (1.) Bctx — 2ys, (2.) — Soar -j- Sys. 

21. (a:* 4 4ar — c2X^* — 4x — 2), (ar* — 8x 4 2)(ar* — 3x — 2), 

22. (a* 4 oar 4 a:*)(o* — oar -** x®), (a* ^ a*4* 4 4^Xa* — 4*). 
28. (a* 4 2a-.lXa* - Sa-l), (a* - 80*4 8a - IXa® - 20 4 !> 
24. (3a®4ox 4 x®X80*— oa: 4 a:*), (a*— 2ax 4 ar*X<**+ 2aar 4 x*). 

23. (x*— 5x4lX2ar*4x — 1), (x*— x* — x4lX^*4ic*— af — l)* 

26. (x* 4 2x*y 4^ 4- 8y*X^ -- 2y), (x* 4 x 4 1X« 

27. (x* 4 8x*y 4 + 27y*X« - 3yX (x* - x 4 IX* + U 

<i®8. (8a* 4 4a*x 4 2ax* 4 x®X2a — xX 



uviamsf^'aos, n 

- firt** + 4«iW - 8aW + - m^a + J6> 

**80. (<? — S<Af + 8oat* 4- 4at*Xo* •+• S<** "■ ***)■ ^ , 

81. (a* 4- 8*V ~ + VX®* + 2*y ~ %’X 

88 . (8»* 4- »** ■* 7* + 1X2*’ ~ + 1> '• 

88, (a* 4- 4- (qr* 4- y*X«* - 2oy 4- 
34, (d^ -f ^ 4** -r oar H- a:*), 

36* (a* + 6* 4- ^ bc)(a 4 6 + c). 

36. (a’ 4 6* 4 4 4 hX^^ — 6 4 <?)» 

87. (« 4 af)(o — xX(^ 4* a^)f (w S»)(jn 4 B»X* ^ **)* 

88. (ai* 4;r - IX^f* - z 4 •“ ic* + 1)» (« -3a?X8a 4^) 

(2a — 2xX^ (*”* 4 w»n — «*X»»* 4* »*)• 


* MULTIPLICATIOH BY DbTACHBX) CosmClBKTft. 

32* When the indices of the letters in both multiplicand and 
multiplier increase or decrease in regular order, it is sufficient to 
write the coefficients only in multiplying* If a term is wanting, 
a dpher must be used to stand for it. The first term nf the com- 
plete product is the product of the first terms of the multiplicand 
and multiplier ; the others follow in regular order. 


Examples, 

(1.) (a* — 2a* 4 3a* — 2o 4 3X»* 4 3a 4 2). 

(2*) (a*ar 4 2aV — aV 4 8aa?*Xo*^ 4 at* — 8a5*)* 

(1.) 1-248-843 <2.-) 14042-143 

14342 1404041-3 


1 - 2 + 3-248 

3 - 0 + 9-049 

• 2 - 446-443 

14!- 14343454 G 


X+ 042^143 

1 4‘G42 — 143 
- 3 -O- 64 B -9 
1 +042464642-743-7*2 


The products are thus (1.) u* 4 a* — a* 4 3a* 4 3a* 4 6a 4 6, 
(2.) aV 4 2aV 4 2aV - 7o»4:*4 6aV* - 9or<*. In (2.) the 
term aV is wanting in the multiplicand ; a*** and a*a!*, in the 
multiplier ; and ciphers must be put in their places. In the pro- 
duct, we find ciphers in the places of a*a‘\ A* and ii*ar* which, 
therefore, do not appear in the answer* 



mK&ARp AxmmA. 


m 


1. Work hy thi* inethf^d Bxefeiie XHX* 1, 14| to 2(t, li 

to ^4, and 26 to ^ 

2. Exerdie XUL 5, 8, 10 to 18^ 2l« 25, 37, and 38, d^iertibg 
that some of ihete have termt wanting dfhef in the mal%U^ 
cuind, or in the multipiiar, or in both. 

OsmBsaL BasiTLTi or MuLtimoatioK. * 

33. The following examples in multipUeatkin should he care- 
Ihlly studied, and the letnlting fomuh thoroughly oommltted 
to memory. 

1. (1) .(jr<f ox-f + 5)«-f-a5. 

(2) («-- aX«v — 5)5»a:® — flx — 6ar + ahs&a*^ (a 6)^ 

(8) (x 4“ eX* — 5) = x*4-ox-‘&r — a5s::a*4«»(a^6)af — 05. 
(4) (x — «X®’i‘ 5)=s:x^ — 0 * 4 - 64 ; — aftwBo:*— (a — 5)a:^«5. 

Henoe, if two binomial expressions hate a common term, their 
product i$ sgmare 6f th» commm ttmij ih$ comrn&n, ttrm nmlt^lied 
by the sum the second terms^ and the product of the secofuf term. 

Examples, 

(* 4 - 5Xa: + 8 ) = a:* 4“ (6 4- S)* 4- 5,3 sa ** 4 . 8* 4- 16. 
(*4-5yX* — 8y)a= **4-(5y — 8y>4"6y x( - 3y)=: ac*4-2xy— ISy^ 

2. SubstituUng o for 6 in the second exprtMion of 1 (1), (2), 
(8), we obtain 

(1) (x 4- a){x 4- a) or (* 4- o)*a=a:*4-aa 4-a*4-o*aK *® 4 - 2 o 4 r+ a*. 

(2) (* — oX* — a) or (* — oX s=x* - ox— a*4-fl^s»*;*— 2a*4*«’* 

(8) (x4-aX^ “■ ") rs X* 4- ox — ox — a* as x* — 0 ®. 

Henoe we bate the following results : 

(1) The square of die sum if two quantities is equal to tlte sum 
of their squares plus twice their product, 

(2) The square tf the difference if two gtia»tiViVs is equal to the 
sum of their squarsa minus twice their product, 

(3) The product of the sum and difference of any two quantities 
is equal to die d^erence of their squates. 


S«e page 50. 



ISxctmphif 
5S:9j?* -f ^-f y’- 

(9) (2a -35)* (2fl)» - 2.2aM + (35)* 

fi;r4i^-i2a5 4*35^. 

($) (4wi‘* + lX4m* -- 1) « (4f»»)* - 

(4) (* + j^>*(i» - « {(«J 4- y)(« - .?)}• 

3* 'By oofttinued multlpHcattoii we obtaiti the Mowing: 
(«4«X^46X^4 c)s««^4(o 4 54c)^4(ofi 4<i04^^)i?4a5<?« 
lienee, if three binomial expressions hare a common term, their 
continued product is the cube ef the conmon (em, the sgaare the 
common term tnultiplied by the sum of the ee^xmd tsms, the common 
term miltipUed by the eum of the prodnete of eoery pair of the second 
terms, and the product of the second terms* 

Example, 

(a:4 2)(sr4 8Xx^4) ' * ^ 

= a:»+(2 4 3 ~ 4)x« +{2.8 4 2,(-- 4)+ 8.(-4)}:r + {2.8.(- 4)} 
= ar*+a!r* — 14a7 — 24. 


4. Substituting a for 5^d c in the continued product 
(x 4 a)(ar 4 b)(x 4 c), we obtain 

(a: 4 aXx 4 4 «)* ^ 4(o 4^4 «)«* 4(d* 4 a*4o*)r 4 a* 

or (a? + o)* = ar* 4 Soar* + 3a*x 4 «*• 

Apain, by putting — a for a in the above, we obtain 

(x — af = x*43( -- a)ar* 4 8(^ a^x + (— a)* 
ss X* — Soj* + 3a®jr — a*. • 

^ Examples, 

(1) {2x 4 Zyf ^ (2a')* 4 8(2xX*8y 4 8(2ar)(8yX 4 <3y)* 

= 8a:* 4 36a^y 4 bixf + 27^*. 

(2) (3o - 4)* « (3aX 4 8(8fl)»( - 4) 4 a.8a< - 4)*4 (- 4)» 

= 270* I08ft* 4 144a - 64. 

5. The following examples show that these formulte may, 

by bracketing, be applied to other quantises than binomials. 
Thus, • 



88 BTAUBiURB XUmBkii. \ 

'*v 

(1) (o + i + c)* ={(« + f) 4. *»(« + J)»4. 4> +f 

=» if 8«4 + Ji* 4* Sob + Sii ■+* c^' . Jr 

OT «• 4^4* 4. c» 4. 2«6 + Sae 4. 8fc. , 

(2) (o — 4 — e)* =t {(a — 4)— c}*ae (a -?>)* — 8(0 17^ 4. ^ 

ss o^ — 2«4 f 4* -*■ 2o« + 84e 4- c*, 
or o^ 4-4* 4* e* 71 2a6 — 2aB 4' 24e. 

(8) (o 4- 4 + oX* 4- 4 — «) = (o-t-4 41 cX« + e) 

s= (o -f 4)* — ^s= o* 4 - 2o44-4*— «*. 

(*) (o* 4- o4 4- 4»X<^- «4 41 4*)=: (?!:?» 4. a4X<?l^ - a4) 

= (o»-)-4»X-Co4.)» 
»o‘4-2o*4*4-4*-o14» 

. =so* 4 -o’4*4-4‘. 

(6) (a4-44-c — rfX®“ 4 4- e 4- rf)— (n 4* c4-4— i/X<»4'<!— 4— rf) 

*(o 4- eX - (4 - rf)* 
ao*4-2o«4 <!*-4*4-84rf-<P. 


Exekcisb XV. 

1 , (* 4 . rx» 4- 4), (* - 7X* - 4X(* 4- 7X* - 4). 

2. (y 4- «Xy + S). (y - BXjr - 6), (Jf 4- 5Xy - 5). 

8. (o 4- 64Xo 4- 84), (o - 64Xa 4- 34), (o 4- 4Xa - 94). 

4. (** 4- 2X** - 8), (o' - 6Xa* - 8), (m* 4- yX"** + I). 

6. (o* 4- 4X«» - 8), (mn - 5)(tttn - V), (ai + cdXai - 6crf). 

6. (a 41 4Xa - c), (1 4- oXl + qXl^ + r). 

7. (o 4- xf, (o _ *X, - y)’, (I 4- xX, (x - 1)*. 

8. (x 4- 4X, (X - 8X, (6 4- *)', (2 - x)*, (o* - a»)* 

9. (x* 4 1)’, (x*,- 1)’, (2x - 4X, (6 + 3yX, (3x - 2y)* 

10. (2o 4- 64)*, (8m - 4ii)» (4>» 4. q)*, (y - 10*)', (1 _ i2o4)» 
n. (o4-8erf)* (I4.6a*4*X, (Snf-Szf, (7m’n-2y, (?y?4-6r)>. 

12. (o* 4- SX, (2x* - 8y*X. (5 - **)*, (/ - Sy*X. (o’ ~ 4'c)*. ^ 

13. (o 4- xXo - x), (o 4- 1 Xfl - 1), (80 4- 4XSo - 4). 

14. (o» 4- IXo* - 1), (a* 4- 6)(ir» - 6), (o» - x*Xo* + x*). 

15. (o 4- 4Xo - SXo’ 4- *’). (x - IXx 4- IX*’ + lXx* + !)• 

16. (r 4- 2Xr - SXr* 4- 4), (y* - 3Xy* 4i 3Xy’ 4- 9). 

17. (m 4- »)X« - oX, (1 - xX(l 4- xX, (2m - 8«)*(2« 4- 8»}*. 

18. {(X 4- 8y)(x - aiy)}?, {(3 - 2/>yX3 4- 3i>g)}’. 



umamjamov. 


1», (a + 1 X« + 3X« + «). («i - “ »X« “ »>• 

»?o. (* -j- <X* +• *X* — ®)> ®X*!y +• ~ *X 

81, (r - 8Xr - ^X** + 6). < 1 ^ - 8X#^ “ *XP* - *> 

28. (« + iX“ + **X<> + 88), (» — %X* + %X* — 8#). 

28. (*» — »X** ■■ ^*X** ■" (1 ~ *X^ + 8*X1 *" 8*X 

84. C# +1>X* + fX* + '•X (o’ -- 88’X“’ + 34’X"* + 86^ 

26. (* + y)*, (« - *)*, (« + IX, 0> - 1)’. (>• + 2X, (» - *X. 

26. (2o - 6X, (8* + 8yX. (>»■- 4«X, (8r - 4»X, (1 - 6*X- 

27. (a6-8crf)*, (!ixg— 8*)’, (3 — 4»i»X» - 4)*» C*®’** *" ®*X, 

28. (o + 6 + cX, (o - J + cX, (o +• 4 - eX, (a - b - c)*. 

29. (r + 2y + a*)*, (* - 2y + *)’, (2a + i — 6cX, (w — 8» + SpY- 

80. (a + i + ® + <^X» {(f — b + c — dy, (o + 86 — 8o — WX* 

81. (a» -h 4* - c*)*, (8a? - 2/ - s?)*, (a* + 26y - Sc*X- 

82. (*• + ! + 1)', (o* + 2a + 1)’, (m‘ - 8» - 2X, (r* - r + 8)». 

83. (ar» - 4*-5X, 6>+46-7)’, (2n'' - 6» + 8)*, (3y' - 6y - 9)*. 

84. (a» - a’+o - D’, (1 - 2* + 8a:‘ - 4**X, (** - 2** - 3a? + iX- 
86. (a*+2a6+46»X, (2a?+6ay+8y*X, (w* + 3w‘» + 8B>n’+n*X. 

• 

86. (a Hr 6 4* <*)(<!! + ^ (a + i + cX® — ^ 

87. (a — 6 H- cX® ^ — <j )2 (« H- ^ ^ cX<* — ^ ^ 

38. (a« + a + IX<»* + <* - 1), («’ + JP + iX*"* - a: + 1)* 

89. m H- iX”** - w - 1), (p’* + j> H- 1X7>* -JP - 

40. (flf2 H- ay + ^X^’ — xy H- y*), (o* + a*6* 4- 6^X®* 

41. (a« 4- 2rt6 4- 6»X«*- + ^*)» - 26 4- cX8a + 26 - c), 

42. 0«4-6H-c-dXo4-6-c4-rf), Ca— 6 4-c— ^Xa- 6-c4-«^)* 

(a 4- 6 4- c — rfX« — 6 4- c 4* d). 

43. (*r* 4“ ir*y 4“ 4* y*X^* 4- -/)> <2a + ar 4- Sy — «) 

* (2a 4- a; — 8y 4- js), C2a — or 4- 8y — «)C2a *- a: — 3y 4“ 

• 

44. (a 4* 6 4- r)(a 4- 6 — cX^ — 6 4- ^X — <* + 6 4- c)- 

46. (p^ 4* pg + q^XP^ - pg 4- g^Xp" - pV 4- g*> 

46. (a 4- 6Xa 4- cXo 4- <^X<* ”• ^X® *^X® ~ ^)- 

47. (a + 6 4- <jV - 2(a 4- i 4- <?X« 4- & c) 4“ (<» + ^ - c)*- 

48. (ar 4* y - + 2(ar + y - af)(^ 4“ y 4- «) 4- (» + y 4- 

49. (a 4- 6)* 4- .8(a 4- 6)*(a - 6) 4- 3(« 4- 6Xa - 4- (« - 

60. (r 4 - yX - 8 ( 0 ; 4- y)*(-«‘ ~ y) 4- 8 (jp 4- yX"*^ “ pf - (# - yjf* 
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STAX^DAED ALOBHRA. 


♦ 

BZVmOH. 

34 Tbe qiiAntiliy to U dividtd U called tike dwMend; the 
quantity 04 divide tlto 4l»ettor; the leeult^ the (L, 

dividendm^ to be dlTided ; quetme^ how often). 

Hultifdication and diviaion are alike in harlnR two factors 
and a product, the diridend heingr the product of the divisor and 
quotient; for if 12 ^ B X 4, then, of course, 12 3 = 4, and 

12 -r 4 s 3. But multiplication gives the factors to find the 
product ; division, the product apd one factor to find tlte otiicr 
factor. 

35. Bolb of Sigrs.— Z tiks siqns give ptos, unli&e sifftie give 
mimte ; as in multipHeation. 

(1.) ab^ass bf \* ah ^ a X h\ and — a6 -r o = 6, — oA 

=2-0X6. 

(2.) ah a ^ ^ *,* ah ist a x b\ and — 06 6 

S 2 — a, *.* — rt 6 =s 6 X o. 

From (1), we see that, where dividend and dtVisor have the «o>ne 
st^a, the Is positive i from (2), that, where ^ey have 

different eigne^ the quotient is negative. 

Similarly, 12a6 -r So = 46, and 12o6 -i- 46 =t 3a, *,• 12a6 = 3a 
X 46 ; •- Qahed + — 2ac = 86d, and — Qabcd 86d = — 2ac, 

— Oahcd = — 2ac X 36flf j 20a6jy — 4ox s: — 66y, and 
20a6xy -j- — 56y = -r- 4«x, •/ 20a6xy = — 4rtx x — 36y. 

36. Bulb of Indicbs. — To divide one power of a quantity by 
Another, subtract the index of the divisor i^ra that of the 
dividend. 

i* 

«* *5- a = a* " * = o, a ^ a , u -T a ^ a, 

a* a* =s * * ss o^, v -r c* = oa , aa -s- aa =: a*, 

a* 4- =is a® “ * = a*, *,• a* -s- a* = aaa . oo ^ aa =5 a®. 

Similarly, 21a^6* •«- lab =2 3a®6, 21a*6* j- 80*6 = lab ; 

-20a‘6» 3o*6» = - 4a6*, - 20a*6^ ^ - 4«6^ = 5aW 
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•• Cask L— To Divide Obtb 8ivpi.II QnAKViw »t Avoxniraii^' 

37. BuL]B.-^Writd the dividend ns the nimt 0 rAt<»r« end the 
divisor as the denpmbiator^ a fraction; cast oot of both of 
them the Ikctors common to ho^ obm^ng the rule of signs 
and the rale of Indiees : the factors left will be tim quotient 


12M* 

-4a*Z^ 

10o*A 


Examples. 

— daft*, casting out of both the factors, —4, «•, and ft*. 

— 

casting out the factors, — 2, d*, :r*, and z. 


This process is the same as cancelling in arithmetie. When 
the dividend contains all the factors of ^ divisor, the quotient 
can be discovered at once by inspection. 


Excrcise Xyi. 

1. aft a, abc Hh ft, abed -t- ac, aftxy -4- fty, ax ox, 

2. Cox - 4 - 3x, 9flx -T- 3a, 8xy - 4 - 8ay, 8xy 74 - 4j!y, IfUftx^ 4- 7bz. 

3. — ]2xya-i-4xy, — 30axy4-5oy, — 21afta:yx4-3fty, -^Softc-fBoc. 

4. 15aftc-r5aft, IGocd-j- — Bod^ BSabexy^. — 3fty, lloxar-* — ox. 
6. — I2axx4-6xx, 18xy«4-— 9x2, l&cde-i-— C£fe, — 27ofta:y-r9ox. 

6 . — Brtftcd 4 - — 4ac, — BoXyx 4 - — axyz, ^Icdxz 4 - — 7cx, 

7 . — Bxyz 4 - — 8x, — ISoftx 4 * — 3ftx, — ISoftx 4 - — oftx. 

8. 2Aahryjr — Bay, 26<'dx 4 - 6cx, — 27aftc4-9ac, — SBahed 4 - 

- llacd. ^ 

9. *aftc2 ^hz, — oexx ox, Bay 4 - Bay, led 4 - — 7cd, 

10. — SUxy,'^ Sax, — 6axy 4 - — 6c(xy, — ofted 4 - ofted. 

11. o^ 4 - a*, o* 4 - a*, 0 * 4 ^ 0 , o* 4 - o, o* 4 - 0 * o* 4* o*, o^ 4 - o’^. 

12. a*ft®^oft», o^ft*4--oft*, o*&*-4-o»ft, -a'ftV-o^ft*, a^ft* 4 -oft* 
18. a* 2 ?y 4 - a*xy, — o*ft*c* 4 - o*ft*c, — a®ft*c* 4- d*ftc. 

14. «®x®x® -i oxx®, oftc^d 4 “ — oc®, — oftxy -* — ftx^. 

15. 80*4- 4«®, — 60*4*80*, 10o*4- — 6fl, — 12o®x* 4- 4flx, ^ 



36. StAHDARt) ^ ^ 

.16. 9a*a:*4'oV,— 

17. <»**, aV, 

18* 2iM*-fr— 2m, — 5aiV-i-— &ii^, 7m*ii*4*— 7«*«*, 

19. a6c-f crocf^ — aay-^aa«, aBs-^^aez^ lOax-^&BZ) 8a6«f-4ae. 

20. 6«*^6a*^ — 4tf*-4*-7a*. 

21. 02? -f 02*^, o*aj* -j- oV, 6o^x 7ocap, ^ 4o*a5* . 

22. oV^ — o*jp®, — 4o*x ri- — SoV. 

Ca 8» n.— T o Diviob a Cohboonb QuAimir bt a 
S xaiFLE Okb. 

38. Buts.— Divide each term of the dividend the divisor. 


Examples, 


2o* 

6o* — 5oar -j* ^ 

— Zax ~ X 


^8 So* 


Exercise XVIL 


Divide 

1 . oft + oc by a, ax by ar, ay -j- xy by y, a6 — 6e by 6. 

2. ahc + by he, ahe — ood by oc, oa:y — ojt« by ox. 

3. — oJ -i- ax by a, — cd + da by d, ay + ya by y. 

4. — ox — xy by X, — oc — be by c, ^ ay ^ yz by y. 

6. — oi 4* ox by — o, ^ ah -- ac b}^ ^ o, xy — yx by — y. 

6. 12a6 4- 4<w by 2a, — 18xx 4- by — 8z. 

7 , 20axy — 1 5xy* by — 6xy, — 8Zahcxy 4- 22hcxyz by — llhcxy. 
6, ISahc — 24ocd by -- OcfC, axz 4* Soy* by oi, 

9. - — iSo&c — 9o^ by — 9ah, Sahe — Soed by — 8<w. ^ 

10. — &ahxy 4- lOaxyz by «— 5axy, Tabexy — Tahcxby — 7aicx. 

11. o* 4“ hy a% o'* — o® by a®, e^’^a^by d*, o^ — a* ty o®. 

12. «*i*4-<**ft*bya*^^*, o®6^-^o®6» by o^6» -o"6®+o®6*byo®A®, 

13. o®6»** 4- ttW by ahx, <i®6®x* - fl»aY by - d*x*. 



^ vtvimon. 

^•14, — 4 a^x *- by — , 

16. 6a^jf — 0o% by So^ar, — 4«*a?* -f 6a*a?^ bj 

16. - 6^*6^ + 6rt*6» by 5a*x* - 6oV by 6«®a?l 

17. a?*— 23:*4*Jpbyi:, ar*— a:®bya:*, aV^-iV— c*jF*bya*. 

1 8. BwV/j -* 15i«*»* by Bm V, 1 Mnx — 8m®«* 4* 4wV by 4m®». 

19. a6a? — acx by adx, axyz -fc- ahcz by o&p, Sfltay — Zhfz by 4fl^ 

20. »i*n 4 wn®— n* by m* 4 Bwmi* 4 «!* by 3fii®n?. 


Cask III.— To Divide One Oomfound Quanutt bt Another. 

39. Kule. — (}.) Arrange the terms of both dividend and 
divisor according to the powers of some letter in both $ (9.) ^ud 
how often the Urst term of the divisor is contained in the first 
term of the dividend) and set down the result as the first term of 
the quotient ; (3.) multiply each term of the divisor by this term 
of the quotient) and subtract the result f^om the dividend; 
(4.) consider the remainder a new dividend) and go on as before. 

The divisor) dividend) and every new remainder, must all, to 
prevent cqnfhsion) be arranged according to powers of the sarm 
letter^ and they must all be arranged in the sarm woy, either all by 
ascending powers, or aU by desce^ng poifrers, of the letter chosen 
(called the letter of referencey And the division must be con- 
tinued till there is no remainder, or till the highest power this 
letter in the renuunder be lower than its highest power in the 
divisor. The other letters should he kept in alphabetical order. 

The remaining terms of the dividend, after the first subtrac- 
tion, are brought down just as they are needed.- In example (8), 

— 96aV is brought down after the first subtraction ; 4 

after the second. • 

If divisor and dividefid be both multiplied or both divided by 
the same qilkntity, the quotient is not altered. Therefore, where 
the divisor begins with a minus quantity, first multiply l^th by 

— I, that is, change aU their signs. In XVIII., 9 (1), first divide 
both by 4 ; in 9 (2), by 2 ; &c. 

^ixample (2) is exactly the same as (I), and (4) exactly the 
same as (8) ; but in (1) and (8) all the parts are arranged accord- 
ing to descending powers of a ; in (2) and (4), according to ascend- 
ing powers of a. In (S) and (4), to save space, the quotient is 
phtc^ under the divisor. • 



38 


BTANI$ARB ALGEBRA^ 


£s(tfnpks* 

0*) 

o* — 3a + IX — 4a^ -f 4«* — a(a* « 
a* — Sc^ + «* 

— a* 4* 3a* — a 

— + 8a* — a 

( 2 ) 

1 — ga + o®) — a4- 4a* — 4fl* -f a^(— a 4* a* 
— ft -f 3a* — a* 

a® — 8a* 4* a* 

fl* — 3a* 4" o* 


(3.) 

3a* 4-4<u: — 3.t* \ — 6a®jr4- aV4* 6aV — 2oa*^*-f 12aT* 
— 2a^x 4- 3oV — 4ax*/ — 6o*x — 8cz*a:* 4- 8a*ar* 

9a*!* — 26ci*!* 

9a*ar*4.12a*x®~ 9a*a^ 

^ — 12aV — 16a*!* -4 12a.r* 

^ 12 a*!* — 1 6a V 4 12 «!* 

(4.) 

— 3!* 4 4a! 4 3«* \ 12ajr* — 26a®!* 4 6ttV 4 aV* 6rt*jr 

— 4a!* 4 3a*!* — 2a*! /12a!* — 16a*!* — 12a*!* 

— 9a*!* 4 18a®!* 4 

— ’ 9a*!* 4 12ci*!* 4 9a*!® 

6rt*!* — 8a*!* — 6«*! 
6 aV-8aV-6<«*! 


EXBRCfaE XVnL 

Divide < 

1. !*416!466 by !43» !*43!48 by !4 1 . 

2. !*— 10!4 24 by ! — 6, a?— 0 ! 4 8 by x — 8. 


8 . !* — !*y I2y* by x* — 4y, x* 4 x* — 3 by !* — 1 . 

4. !*-< 2 !*y-%*by!* 4 y, !* — !®y - 20y® by x* 4 4y. 

5. a* 4o*6-«6*-«»'by(l.)a4i, ( 20 o-^ (3 .)g*- 6** 
^ 6. a*4«*^^- 2a*6*-a6*4 // by (1.) a + ^ (2.) a - (8.) a»- 6 * 



• ’ - mvi/sixm- 

/r. -tf‘+o*5-oi*+*‘bjr(L)-«+i, (8.)«f.6, 

• 8. 12o*+ 28a*+10«'1)y8a + 2ai IStf* - 81aJ* by - 5**» 

9. Isa’S* — 48ayby 4<»4+8jy, 6**— 6*sf*— W^by 2»— 

10. e«»-24a** + 4eai;’-48»»by8o-8*, Sjc* - agi* - 18y» 
by»— 2y, ** — 8** + 8a?— 1 by *’ + 1. 

■ 11. «*— X* by fl + *, o“— a? by a* + a?, lOa* — 81** by 2«— 8*. 
12. 12** — 8a?y — Saiy.H- SOay* — 16y* by 8* Hh 

IS. 6*‘-12*’/+18*y-12y*by2*+4y, o”+*“ by <i?+a*, 

14. ar'*-6a? + 10*‘-10a?+6a?-lbya?-l, a?+82by* + 2. 

15. af“-6*“ + 16a?-20**+15ar‘-6a? + lbya?-l. 

16. o* + a* by o + *, a* — a? by o — a^ a? — 84 by * — 2. 

17. a?-8**+8a?-lby**-2*’+l, **-a?+2*-lbya?+*-i. 

18. 64a*+12a»6’+4* by 8o*+2a6+S’, **+8*’+! by a?-*-l. 

19. 144a* - 86o’S’ + 86ab> - 9S* b^ 12o’ + Sab - 8S’. 

20. 2*‘-16*’+46a?-66x+24 by a’-4*+3, **-64 by **+8. 

21. 8a* - 120* - 24a* + 72a - 480 by a* - 2o - So. 

22. o’— S*+2Sc— c*by o+S— c, 4o’— 805+46*— 4t? by o—S—e. 

‘>3 — 16a*a;* + I60*** — 4n*a? 12o* — 72a*3C* + 12a? 

20** — 40*** — 2aa? ’ 4o’ + 8a* — 4af* 

4a*- 14a’i +20a***- I4ai»+ 4a? 60*6* - 120*6* + 6a»S« 
2a’ — So* + 2** * 3a’6 + 6o’6* + Sab* 

• g’** — 4a*** + 6o*a? — 4o*ar* + o*a? a?— Sa? + 7a? + 8a+l 
ax’ — 20*4? + o’* ^ + 8* + 1 

V-8*‘+Sj«- 4*+1 n*-7a?+8o’-l o*- 6o’ + 6a»-l 
%* + 2*— 1 ’ o’ — 2o — 1 ’ a* + 8o + l 

. 6a* - 220*6* + 440*6* - 9605* + 646* 

80’ + Sab — 86’ ■ 

-6o» + 6aV-6o**»+6** 8a» + 8o«6* - 64o*6* - 646* 
— 2a’ — 4o* — 2a* ’ ief + 806 + 165* * 

■ a”-6**+10a*- 10a*+5ia*-l 4c»-8oV- 16*» 

' a* —"2** + i ’ 8<^ + 4o* + 4a? *• 



40 OTAUoiiiD AiidtajfU. ' 

*"• a--. 2 *» + i - ao + 8 *. ' 

„ a‘-6a*x+18tf**»-l««V4-7<^j^^2<»*+a* ««"- > 

81. ««_"2S'+ir ’ 

j;*— jF^ -f 6 jp*— Of + 2 *?• — 5af*H- 5^**^— I re*— 

+ 4 . T ’ 2 **- 2 a?+ f 

^ 4:g* 4. ^ -h 4jy ^y* Om* 4- 

V — 2^** 4 - y ^w*4- 4»»*»4-"4»in*— 2»*’ 
«* 4 - u*h^ - a%^ -- y ^ -f dP 4 - 2 a<^ -I- 2 <k; 

® ' a* — 0*6 4- a 4“ 

a*— 2«a;4‘^**".y* + 2^ — Jt* — 4“ 4" c* 4“ 

o-47 4-y^J» ’ a-.5-c 

^-^Sabc h* — c^>^Sabc x*— y*4-.g*4-3ayg 
a 4. i — c * ct^h’-^e * ar^V4-« 


Division bv Detached Coefeicients. 

40 * '^This method can be used in division under the same con* 
ditions as in multiplication. Bee section 82. 


Erampks. 


(1.) (8a*-2a“x* 4- 8x') (2a* - Sox 4- 2x*) = W 4- 6ox + 4 jc® 

— 2x* — 8x) (2x* — x) ss 2x’® 4- 8. 


(20 (iJ:* 4- 

0 .) 

2-84*3X84- 0- 2+ O4.8 
44-64-4/8-124- .8 

12-104- 0 

12-184-12 

8-124-8 
8-124-8 “ 


(20 

24-04-0-1X44-04-6-24-0-8 
24*04-8 /44-O4O— 2 

0+64-04-0 

o+o^o+ o 

6 + 0 + 0— 8 
€+0+0-3 


Exercise XIX. 

Work, by this method, Exercise XVm., except 22, 33 86. 
Bums 1-4, 12, 15, 21 ; the first in 8, 10, 14, 17, 20, 24, 25, 
22^31 ; and some others, have no terms wantiugfi 



DIVISION 


» 




41 , The following results enable us to write down ikom to^eo* 
tion the quotients of similar sums iu dlyisioii» and Should he 
carefully eommitted to memory. Ilie index: n stands to any 
whole number ; r** means the power and is read sr to the 

; by ' divisible* we mean divisible without remainder. 

1. (I,) When two quantitier are raised to >the same ^ power, 
the difference of ikeee powers is divisible by the cKjB^enfie qf ike 
quantities themselves, and the sum of the powers by the sum if sAe 
quantities themselves ; (2.) when they are raised to the same eeea 
power, the difference of the powers is divisible by either the sum or 
ike difference qf the quantities themselves, but the sum of Ae ' powers 
is divisible by neither. This is expressed in Formuke thusy 

1. a:”— y" is divisible by a; — y when n is an odd number. 

y** 0 u X ^ If » I* 0 

2. r"— y* « *» either » ** even 0 

f* 0 0 neither 0 0 0 


From this it follows that • 

I*— y’, r*— y^ x*— y*, &c. are divisible by x—y, 

a?’+/y ar*-fy, x^+y’, x*4-y», &c. » » x-fy, 

3^— y®» y*> y*y &C. 0 either. 

■r®+y*, *®+y*y **+y*y &c. * » neither. 

It matters not what the quantities themselves arey provided 
they are both raised to the same power. Thus, since x* and 1 are 
the 2d powers of x® and 1 ; a* and b\ the 4th powers of a* and 6®? 
8a* and 276®, the 3d powers of 2a* and 86 ; 0 “ and 326’*, the 6th 
powers of a* and 26* i therefore • 

X*— 1 is divisible by x*-i-l or x*— 1 ; a*— 6" by a®+6* or a®— 6* ; 
8a«+276'* » 2a‘+3e>; a“ +826*’ by a*+2i* { 

8a*-2r4’ » 2a*- 86; n“ -826“ by o'- 26*. 

2. The quotient consists of terms regularly decreasing in powers 
of the first quantity, and regular^ increasing in powers of the 
second quantity ; where the divisor is the difference of the quan^ 
titiesy the terms of the quotient are all -f ; where it is their sum, 
they are alternately 4- and ^ 

* See page $0. 



fiDANBARD AtORBRA 


4» 


+y*; . g *» ^4C»4- *-hl- 

^-^ = *• + i*Sf + ay* + y* j XL a;* - 4. jjf* - ji*. 

(8a* - 276*) -i- (2o* - 86) x: 40* + 8a»6 + 96». 

(a“ + 826") + (a* 4- 2V) * 0 “ * 2a*6*+4o«6‘-8a*4* + 166*. 

Exs&asB XXp 

Teil by inepection the quotients of 

1. o* + }^y o* 4- ft®, a* — A* a® — A®, a* — A*, each by a + A. 

3* a® — A*, a® — A*, a® — A®, a® — A\ a* — A®, each by a — A. 

3 . oir® 4. 1, ar* + 1, jc* — 1, x® — 1, ar® -- 1 , each by x 4- 1* 

4. X* — 1, X® — 1, i* — 1, X* — 1, X® -* 1, each by x — 1. 

6. x®-y®by x+y, x - y, «*-y*, 4?®4-y*, 

6. a?® - y® by X 4- y, X -y, X® + y®, x® y\ X® + y®, x® -y®. 

7. X*® —y® by X® 4* y®, and x* — y® ; x® — y® by x* — y*. 

3, 4in* -:*9n*by 2ni 4- 3n ; 64x* H- 1 by 4x 4- 1. 

9. (o 4- x)* — y* by « 4- X — y, ci® — (x — y)® by a - x 4. y. 
10. By what quantities are (1) <5t*— x®, (2) a® 4- x®, (3) o®- x®, 
(4) a® 4- a;®, (5) o® 4* a^, (6) a* - x®, (7) a® 4- x®, (8) a® - x®, 
(9) «• - X®, (10) o'® - x\ (11) X* - 1, (12) X® 4 1, (13) X® - 1, 
(14) X® — 1, divisible. 


Rbsolution ikto Factohs. 

42. It is often necessary to resolve alflfebraical expressions into 
their elemeutery factors (section 7), and this is most frequently 
done by using the general results given in sections 33 and 41. 
The principal cases of resolution are ; 

1. Where all the terms hare a common factor. Thus, 

(1) oAx* — OCX® = aa;®(A — c), 

(2) - 2x® - 4x» 4 8^ = - 2x(x® 4 2x 4). 
In^resolring, expressions should hrst be cleared of these factors* 



the consists of two sets of terms, wMch, 

0a being resolved, are ^und to fiave a common Victor. Tims, 

(1) o5 + So +5^ + <^ + 3) -f 2(6 + 8) == (n 4. 2X6+3). 

(2) mx + m^-na: - np:=im(x + y) - nCa* + iiF)c5(»i - aX* + S')* 

8. Where the expression is a trinomial, haring the sfinare of 
some quantity in the first term, and the quantity itself in the 
second, bat wanting it in the third. Spdi a trinomial (called 
a quadraiid trinomial) can he i^scdved when the coe2Bldcnt of its 
second term is the sum of two quantities, and its third term their 
product. 

Thus, by FormuUe X (1-4), sect. 83, 

(1) a;® 4 5r + 6 = ar* +(3 + 2>i: + 3.2 = (a: 4 SX^p + 3), 

(2) a:2-7a:+i2=x®+(-4-8> 4(-4X-3)=(^r-4X*-3), 

( 3) .r* - 2ar - 3 « r* 4 ( - 8 + 1 )r + ( - 8 ). 1 := (x - 3Xa: 4 1 ). 

(4) x>42xy-3/-Jf’+(4y--2y>44y(-2y)^(x f 4y)(x-.2y). 

For the second terms of the factors wo require to find two 
quantities, having ^ 

m(l) 6 for their product and 3 for their sum, 3 and 2. 

(2) V2 n n » -7 %and-3. 

(8) -3 r/ « ,/ -2 « .%-3 and 1. 

(4) -8/ n ^ » A 4;/and-2y. 

When the last term of the trinomial- is positive, both quantities, 
as in (1) and (2), have the sign of its second term; when negative, 
the quantities, as in (3) and (4), differ in sign, the greater having 
that of the second term. 

4. Wliere tiie expression is, or contains, the square of a 
quantity. Thus by Formulas 2 (1), (2), sect. 88, 

(1) 4- 2a6 4 6® =: (a 4- + 6). 

(2) 4x*- lacy + V (2i - 8yX2* - %)• 

(8) 3rt*x— 6<i®6x43®6®x=3(w;(a*— 2«646®)=sSax(a— 6X®~*6). 

5. Whore the expression is, or contains, the difference of the 
squares of two quantities. Thus,, by Formula 2 (3),\ect. S3, 

(1) I60® - 266® » (4a 4. 66X4a - 65). 

(2) a® — 9a6* = a(c? — 96*) =s: a(a + 36)(a — 36). 

(8) - 6* - (a* 4. 6®)(a* 6®) == (a* 4 6*Xa + 6X® - 6> • 
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4L Wlieire tbe ex:f»i*CMioa is the «um or di0^!iGe of the cub^ 

of two quantities. By sect Al, f 

' 

sar*-a3^+y*, .Va:*4-y**=(ap + y)(«*'--a:yHh/) (1) 

^ i"y 

••• *’-a’*=(*-irX^+0+i*) (8) 

Thus, 

(1) -f 86*= «* + (26)*= ^ (o X 26) 4- <26)*} 

« (« -f 26X«*“ 2»6 + 46*); 

(2) 8a» - 27 =: (2o)» - 3*=(2a - 8){(2a)* +(2a X 8) + 3*} 

=(2o -- 3X4a® + 3a + 9). 

Expressions like ~ 6^ may be resolved by applying sect 33, 
2.(3j, and sect* 41, as above. Thus, 
a* — 6® = (a*+ 6*)(a*— 6*)ss (a + 6Xo“ — a6 + 6*Xa -*■ 6)(«* +<*6 + 6*). 

7. Where the expression is compound, but, by tiie use of 
brackets, capable of being expressed as the difference of two 
squares* Besolve as in case 5. See sect. 33, 6.(3), (4), (5). 
Thus, 

(1) «* + 4(i6 + 46* - 9c* = (a + 26)* - (8c)* 

= (o + 26 + 3cXa+ 26 — 3c). 

(2) 1 - X* + 2a:y - y = 3 — (x* - 2ay + y*) 

= l*-(a:^y)* 

=(1 + X - yXl - .V + y). 

(8) o®- 2a6 + 6*-c*- 2c<Z ~ d*=(a*-- 2«6+ 60-(c*+2cd+£f0 

=(a — 6)* — (c + <0* 

a(a — 6+c+d)(« — 6— c— d). 

(4) + w<*w* + u* = {m* + 2»t*i?* + — /«*»* = (w* + n*)'^ - («»)* 

=(w* + V + wfn)(w* + n* — wn) , 

=(to* -r* tow + n*)(w*— wn + w*). 


EXEKCltB XXL 

Besolve into elemeniaxy factors: 

1, a*6 -I- o*c, -dx* -- 9x, ox® + 6x* — ex®, 2o6x — iacx — 6adr. 
c2. w*+2j«*n + 3w«*, 2o®c — 4a6c + 66*c, o*6x* + a®6xy — o*^* 



* Bimstdjr, m 

«,8; — — a?* 4- ar* — .a?* + 

• 4. -lOirV* ^ l&*y - 2(k/, - eQa*4» -f - U&H^, 
Th^ answers to Bxercise fX, 2-9 ; VHX. 19-23, ^ 

6* ax ^ bx + ^ hy^ 3^ 4* ^ 06 4- 4o + Si 12* 

7. ah^^hx^Qx-^x^^ Swwc— aaf 4-9iiiy--SBy, ar--2a4>3«^6. 

8. MW? — iw: — i»3f + «jf, oi? — £1^ — + % yjs y — 2s-f 2« 

9. a«wp 4- «Vy 4- Maf -f ooyj" <»ir — ccfcp 4- — cdy^ 

10, pxy 4- btxy — 2<w — 2i<ia;, Sijw* — 2ftucy — 2Ma?y 4- 2«y*. 

n. x*4“fi^^+15, a*4'«a4-7>y*4-lly4-lS, w»4-irw4-24, 

;i» 4"12/>+20, a*i*4-10ai+21, a:^4-lla'®4-38, a:*+18a3^ 

4- SOy*. 

12. «» - 7ar 4- 10, a* - 7a 4- 6, f - 12y 4- 27, *»® - ISw 4- 36 

»»-16n4-60, x^f-’Sxy^U, a*~14o» 4- S3, 18«i 

4- 40i*. 

13. ar® 4- 6 jp - U, 4- 4ar - 21, i* 4- «• - 20, »* 4- 6n - 24, 

r® 4 - 4r — 21, 4 - 7jP<? — 30, a* 4 - 9«* — 22, w* 4 - 11 »m 

- 12»* 

14. a?®-5^'-U,3^-7y-8, c*~c-30, Mi»-8Mi-38r?* -‘2a-.3ri, 

m*«® — mn — 42, n* — 811® — 64, — 2/?^ — SSg*. 

15. 8a:»-16a;®4-12x, 4a*4-16a4- 12, 2m®-.10»i4-12, Sx®/24-27 

xyz 4- 423:, fl*i* — Zdbxy — 70x*/y?,‘ 46 — 14ai f a*i®, 86c* 
- ISfl’ic 4 - a*b\ 

18 o®4-2ax4-x®, x®4- 6x3^4“93^** a?* 4- lOx 4- 25, a®i®4- Uai 4- 49* 

17. X®— 2xy4-y*, m®— 4fiMi4-4«*, p*— i6p+64, x®^— 18x^4-81. 

18. 4w*— 12mn 4- On®, x^ — 2x® 4- 1, x® 4- 2ay 4. y*. 

19. *4m®»*— 20?»«i)4-25/)®, I— 8a*64-16«®i®, 9x®y®j:®— 6x*y*3r4-l. 

20. 8a*j:*- 6a6x 4- Si*x, x^ — 2xy 4- y, 5»i® 4* 20/«ii 4- 20»®. 

21. a® — X®, x’ — y*; «i* - « x*— 4, x^ — 9, x® — 1^ 25 - x®. 

22. X® - 1, 4x® - 1, I - 9x», 1 - 26x*, x*y® - y*, a® - a®x*. 

28. 4a® -^46®, a* - 255®, I6a* - 365®, 86a*x* -- 495»y®. 

24. a* — X*, x^ — y\ m* — «*, x* — 16, 81 — x^, a* — x®, x® — y®, 

m>®-tt*®. 

25. 1 6a*x^ - 9x®, 8a»x»y - 27axy, a® - 95®, lOy® - x®, a*5® - 1®. 
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6 * 1 ^ A «• + 8, 27 4- y*, a»A» 64, m* 4^8. * 

t7. - A*, «»- 1, 8 - «*, m* - 27, 64 - arV, 27 - 64 jiI ^ 

28 . tf‘A* 4 - A A ^y - 125 i!», 1 - 2 iea»A« , ntV r 648 . 

29. 8®* + 85ry, a^x - «V, a:*/ — l2%^ 8m* — 128mn’. 

80. ^‘-1. 1 -a?*, o’-ei, 729-x*, 

81. (a + &)* — <»,«*- (y -h *>*, m* - {i» 4- 1)^ /»’* - 0/- 0* 

82. ' {a^hf^(c + d)\ (x - yy - (4^ - 1/, (a4* A/-(ar-y)« 

83. Car - 2^)-* - 9;?^ <<^ + 4^’ - (8i« 4* 2a)«--(8m - 2a)» 

84. - 2aA 4* A«- c*, 1 4-2jr 4- df* - ^ + 6jy 4* V - 25a*. 

85. <**- A* - 2Ac - c* y’ 4* 2y* - A - 2a- 1. 

86. 9a^ — 4A^ — 4Ac — c*, 2aA — a* — A* 4- 1, 4ya 4- a?* — y* 

- 4a*. 

37. a®4- 2aA 4- A*—c^ 4- 2cd — d% m* 4- n* — y*— — 2ma 4- 2/>v* 
88. o* 4- 4aa? 4- 4a:* - 9A* 4- 24Ay — 16y*, «* — (2 A — 8c 4* id)\ 
39. X* 4- + yS 4* 4“ 1» 4" ®*A* 4* A*. 

4 a (a 4- A5* - 2(a 4* A)c 4" c*, ar* 4- 2a:(y 4. s) -j- (y 4- «)» 

41. 5(a* — 6*) 4- 8(a 4- A)* ; (ar* 4-y*) 4- »y(» 4- y> 

42. 2(a:* - y*) 4- 8(a!* — Sxy + 2f ) ; (m 4- «)* 4- 8(>«* 4- mn> 

48 . (a -h A)* - 4(tt* 4- aA) 4 - 8(0* - A*) 4- S(aA 4 - A*> 

44. C'Sc^-y*) - opCar* - /) 4-y(« - y)*- 


< LXTEBAL COSFnCIENTS. 

43. Revise sects. 7, 19, 20-22, 26, 27, and 42 (1-2)., 

In (1) the quantities ax, Aar, and — r differ only in their signs 
and coefficients. They are therefore like quantitiu, and may be 
added. Adding their coefficients (sect. 22) we get a 4- A — 1, 
which we inclose in a bracket, because they are no\{ considered 
as only one quantity, a compound cofficient of x. Similarly, the 
coefficients of y in — Ay, cy, and — ay, are — A, c, and — o, which, 
’ Vfhen added and bracketed, become — a — A 4-c » — (a 4- A — c). 



TOTRAL CORFrrCHRRTB. " ^ 

(3) tlte coeffieienti of x are a utod ^ it, md BuHriustittg — ^ 
|rom Of ire get r -f 6 ; those af y Are ^ & and imd subtrActliig 
e from ^ i, w get — i — d = ^ (i 4- c). 

In (5) the eoi^tents cf are ^ a aii4,c» irhich» trhen added, 
become a ^ c ss — e) ; ^ose of x are ac and % 

which) when added, give -^oc — 6ss — (oc4*i&), 

In (3) the drat tenn of the quotient ia — whiol^ muitipUed 
by the divisor, a — 3 — c pr a — (i 4- c), gives — o* -f a% -f- u^c 
=s — o’ + a*(& 4- c). In the s^ond ntultlplicatioD> (6 + c)(h 4- <;) 
s (6* 4- 2&C 4* c^), by formula 1, sect. 83, or by actual multipli* 
cation ; and as {h 4 - p) ia negative in both divisor and quotient, 
the product is 4^ : in the third, (i»* — 6c 4- c*X^ 4: c) =» (6* 4- c*\ 
by formula 5, Also, in subtracting, 3a6c — o(6* H- 26c -f c*} 
= a(3^ — 6’ — 26c — c®) = «(— 6* 4- 6c c^ ss — — 6c4-o®)- 

The safest way of working examples like (2) and (4) is to clear 
away brackets, and bracket the answer when found. 

Example (6) is the same as the second sum in Exercise XVIII., 
85. The ordinary way of working it is perhaps aa safe as the 
one given here, but it is twice as long and not so neat. 

Examples : 

(1.) AddUimk, (2.) 

ox — 6y 4" 3c* — (o — 5)ar 4- — c)y 

6.r 4- cy — a* (a — c)jr — (o 4- c)y 

— a: — ay 4 6* — (a 4* — (« — 5c)y 

(a 4 6 - 1>: — (a 4- 6 - c)y — (a 4- 4 (3® - 

— (a — 6 — 8c)* 

\ 

(3.) SubtrcLCtion, (4.) 

aar — 6y 4 c* 3(a 4- 6)x — 2(6 — c)y 

-^bx 4 ry — a* (a — 26)* — (6-4 c)y 

(a 4 6)jr - (6 4- c)y 4 (a 4 0* (2« + - (6 ~ 3c)y 

^ (6.) MtUtiplkation. 

X* — ax — 6 

X 4 c 

x* — ax* — bx 

CX* — OCX — 6c 


X* — ' (o — c)x* — (ac 4 6)x — 6c. 
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(6.) JDhwiiOn* 

tf - -f c)^— a* + 8a6c 4* (^* a* — + «) 

— fl* -f ff*(i 4-^) ^ — 4^4- c*) 

---c^(A4‘ i?) >f 

— a\b 4* «) 4- «(&♦ 4- 4 c*) 

“■* Jc + c»)4(M4-c») 

- oCt'r- &c4c*)4(&»4c*) 
Atts, — a*— a(6 4- c)— (J*— 6c 4 . c*) = — a*— a6 cic— 6* 4* 6c*-€*, 

EausfiOisB XXn. 

AddiUm. 

1. «x + 6^, 6r4“<y, —ex^dy. 2. ax^by, — 6x4-cy, cjp—ay. • 
cut y^^hxy x^cy» 4- 6* — ^z, 6« — 2o», a: — dz. 
6. (w* — 6xy 4 y*, — 4- axy — 6y*, caj* — 4 c]^. 

6. a*a; — 6zya 4 - iy, — ^6*ar — oaryz 4 6y, 8c®jf — 26ar^z — ay, 

7. oa: 4 % 4 — 6 z — 4 —* oy — 

8. (a 4 6)a?-(a — c)y, (d-6> 4 (a 4 c)y, (^- (o-c>. 

9. (a— 6 )!i?— 2(6— c)^, 2(6 4c)y— (a4 6)ar, S(tt46>— (6 4c)^. 

Subtrctetim (the minnend coming first in each emn). 

1, flta: 4 by, hx — ay, 2 *ax ^ by, — 6* — ay. 

3. aar 4 by, — 6ar 4 ajr. i. ox 4 - 6 ^, 6 jp 4 «y* 

5. ax—y, ay^x. 6. x^ay^ y^ax. 7. by-- ax, hx^ay. 
8. ay — bx, ax — 6y. 9. — 6a? — ay, aa? 4 by, 

10. aa?46y4<^®» 6a? — cy — ctz. 11. ax46y4«'» 6x4cy4aa, 
12. CM? 4 6y 4 «-?» 6z — ay — bx, 18. ax 4 ^y — 6x 4 oy — 6z. 
14. (a 4 6> 4<c 4 d)y, (o — b)x i- (c — d)y, 

16. (o - 6)x - (<? 4 d)y, - (a t h)x -- {c - d)y. 

16. From 8(a 4 6)x 4 8(r 4 d)y take 2(a — 6)x -a 2(c — d)y 
and — 2(a — 6)a: 4 8 ( 3 c — d)y, 

Muh^imtion. 

1. (X 4 w)(x 4 «)* (y -- wXy - »)> (^y 4 ft^Xxy - «). 

2. (a;® - «X^ 4 (iW? 4 7 Xf^ - 0» 4 6yX«? 4 c(v)- 

8. (x* 4 ax 4 eXx 4 6), (a?* 4 ax 4 «X^ - 6), (x* - ax - c) 
(« 4 6). 



UtmM <30OTlCtBKm 0 

•6, {^ 4- a? - bX^i^ — nwf -f iiX w*-'^ -f w-X^ -fa?—. 1> 

6. (aa:^— hx *f ^X«w^ 4- iar -f «), 05 ^®-^ + v^X^r® tf $). 

7. (/ - ap 4- fr**Xy -f 4* (if* — 4" e> 

(3*v-. grz -i- f). “ ^ ^ 

8. {j* + (tft 4* »)^a^ 4 (»» 4 ^^)}{a? 4 (*» 4 w)}. 

9. {/-(«- W 4 (a 4 « - 6>{,y - a 4 6}. 

10. {ar*— (a — ^)a? 4 (^ 4 4 

n. {/ - (a - c> •- acH.r 4 - <Oy M*' 

12. (ar® — war® 4 imp — pX^^ — ar 4 1), (a:* — WWJ® war 4 1) 


(jr* + i + 1). 


Divimn* 


1 , a:* 4 (m 4 »)it' 4 

by a? 4 m. 

2. a:® 4 (<i* *“ bc)x — a6c 

a — 5c. 

3. y* — (3a — 26)y — 6a6 

y - 8a, j* 

4. (a® - 6®y 4 («’•’ - 2a5 4 &*>» - (a* - a6>r® 

(a - 5)a:®. 

6. (m® — /)y* — iw(m®— n’)y* 4 nQn -^ w)V 

(m - w)y. 

6- (;> + ?)**• + 2(/j® +pa'>’ - so** - f): 

C;’ 4 7)^- 

7. a® 4 (a — 1)« (2a* 4 oa 4 3) 

♦*~{«42> 

8. a:® 4 (a 4 <0^^ 4 («<-’ 4 4 be 

a: 4 <?• 

9. ar® 4 ^ c):c® — (ac — b')x — 5c 

X — c. 

10. ar® — (a — cX* — (atJ 4 — he 

ar 4 c. 

11, .r* — (a — l)a:* — (a — l)a; 4 1 

ar 4 1, 

12 . a:® — (a 4 4 (74 — «7 

ar — a. 

13. a;® — (a 4 5 4 4 («5 4 «« 4 5c)a: — ahe 

X — c. 

14. a:® 4 4 (3/ — 2 *> 4 K/ — 7') 

X +p — (p 


15. a(a 4 1 >* —(a® — 2a — l)x — (a — 1) by (a^- l)ar — (a — 1). 
10, a;* — o^a:® — 5®a:® + a®6® by a;® — aa: — Jar 4- cw?!. 

17. x*‘^(a—7Ti)x^~‘(am^h^n)x^'^(an-{-bm)x-^bn bya:®— ?«a:4*n. 

18. y4(a-2y — (2 42a— 5)/4(44a%-26 by/ 4 ay-2. . 

19. avix* — (5m — a7i)a:® 4 (cw* — 5?^ — ap)x^ 4 (c« 4 5/))ar — cp 

by ms^ 4 «ar — p. 

20. a; 4 (m — l)a?® — (2m 4 1)^?* 4 4 •“ o V 4 3m 4 0 

by X* — Bar 4 m 4 2. 

21. Work by tiiis method B^fcrcibe XVIll. 36. • 
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The following fomulsd sliottid bo committed to mmooi^r : 

TOE vmsmmmsu 

1. (ar + aX® ** + (tf + -f 

2. (JB — oX® ^ 6) 5? #* — (« 4* ^)* + dft. 

8. (ar 4 oXa? — ft) as -f (a — 6)a^ 

4. (ar — «Xa: + 6) «= af^ — (a ^ h)x «* ®6. 

5. (ar 4 a)® « a^4 Boar 4 **- (ap 4 IX ®= ** 4 Er 4 L 

6. (x — o)® as a;* — 2ax 4 <*** **• (a? — 1)® ?= a:* — 2x 4 1/ 

7. (ar 4 ®X® — a) — «* — a*» (a? 4 IX® — 1) as x* — 1, 

8. (x 4 «X ® + ^)(® 4«) — ®*4(«4i4 c)x* 4 (oft 4 ac 

4 bcyc 4 ohc. 

9. (x 4 o)*sax* 4 3ox* 4 8a*x 4o^> •** (®4 1)*=^ x*48®*43ar4 1, 
10. (x — a)*sax*— 8ax®4 8flt*x~a*, .% (ar — l)*asx*— 8a^48ar-*- 1. 


a— TOEMmjE FOE BTOOLimOH^lHTO FAOTOES. 

1 , X* 4 (a 4 ® 4 = (® 4 c^X® + 

2. x*4^ox4a*=(x4cX® + «)» a^42x4lsE(x4 1X®4 !)• 

8. X®— 2tfx4«^~ (®— <»X® — «)» •*• ®*— 2x 4 1 = (® — IXx— 1 ). 

4. X* — a® =3 (x 4 o)(x — a), x* — 1 sr (x 4 IX® — !)■ 

6. x*4®*==(®4«Xa^“"<*®4-«®)> .% a:*4 la=(x4lX®*--®41)• 

6. x*^a®=(x— aXx*4ax4 a*), /. x®— l=(x— lXx®4® 4 !)• 

7. as®48ax*48aV4a*=(x4o)*, x*48x*43x4 lss(x41)*' 

8. X*— 8ax®43a®x— o)®j •. x*— 8 x*43jp— 1=(®~1)** 



vest 

. ' L ■ 

1. If xss ^ y s 5 4, 2 = 2, find the nuw^cttl ttiXtm of 
(X i^yXx 4- «)} (4!c -> + «)* ; ay**; v/^j? 4-y - 2*. 

.2, Frwn the «um of Sac* — 7x + 5^ G* — i, 4**— Sa:, 7a;-^S, 

- 4ji:® — 3a: 4- 1 fiuhtwt Sac® — 6ar 4- 7, ^ 

8. Multiply 8a* 4- 7fl* 4- o® — 7a 4 by 3a® -* 7a 4- 4* 

4. Divide *• — 2** — 4a:* + 19a:* — Slar 4- 15 by a:* — 7a: 4- 5, 

IL 

1, If a =tt 8, i == 3,’ c ss 1, = 0, find the values dt 

^ ^ (t* a5 *- a&^ be ; arbh^d'^ 4- abc ^ bed 

2. Simplify a4-6 — Cc4-a — {5 4-c*-(a+5 — c + a — 5)f]. 

8. Multiply X* 3a:®y + Say* — y* by a:* — 2ay 4- y*. 

4. Divide 1 — 9** — 8*® by 1 4- 2* + a:®. 

irr. 

1. When a = 6, 5 ss 6, c = 4, find the value of • 

ab ac be ^ abc . 

abc * a* 4- 6® 4- Safe 4- c. 

2. Add tpgether 3a*- 65* — 7c*, 46* 4- c* — 2a*, 6(J®4- o* — 86*, 

daa _ 13^,8^ 3^8 _ 4^8 ^ Hc*. 

3. Find the continued productof (a:®4-a:4‘l)(x*— z4-l)(ar*— 1). 

4. Divide a® — a*6* 4- a*6* — 6® by a* — 6®. 

IV. 

fl* — 6* • 

1. If« = 6, 6 = 3, show that — — ^ = a® 4- 4. ^2. 

a — 6 ^ 

2. Take 31;* — 2a:* 4- 6a:* — 2a: 4- 1 from 7a:* — 4a:* 4- 3a:® 

4- 6a: - 1. 

' 3. Multiply a:* 4- y* - a:y 4- » 4. y - 1 by 4-y - 1, 

4. Divide 4y* 4- 81 by 2y ' 4- 3y 4- 9. 

* Exercises XlII— XXIV. contain an wjditional question, illustrative of 
JPactorising and Gewval UtiuUi in Division^ which may be omitted if 
necessary. 
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1. If Z, It ea — 3, find the Taiue of 

g* 4- <y& -f 6* "h ^ . 2a ^ A 

a*-*“ «6 + icT^nSl ^ 8a — 4* 

2. Simplify (« + 6 4-cXa + ^ — «) -(<t- 6 -f* - c). 

3. Multiply together B — y, l-^y,y-hS,y + l* 

4. Divide(x‘* + y-X + 4tar‘Hy^) + 4tor^^ + y*+2. 


VI, 




when a=X, ^ = 2, c = 8, rf?=4. 

2. Find the sum of 7a{ir — y) -f 5&(y — — ^) + Bopy, 

3a(jc — y)— 7«y and 4aiy — lla(a? — y) — 66( y — *). 

3. Multiply 8»i* + 2mi4 -1- by »n* — 2wia -f Ba®, and prove the 

result 

4. Divide ah + 2a® — 36* -f 46c + ac — c* by a — 6 + c. 


vn, 

1. What is the value of + f - . ^ L t l, 

v^-hVy 

if p: = 16 and y = 9. 

2. Add together }(2a — 86 + Be), K8c — 2a -f 66), 

1(56 — 4c>4- 3a), KBc — 3a — 46), 

3. Multiply a® + 46® + 9c® 4- 2a6 + 8flc — G6c by a — 26 — 3c. 

4. Divide Bjt^ — 8.r*y — 4p:® -f 4p:y — 4py — 16 by 3a;® — 2a:y -i-6. 


vin.. 

1. Find the value erf «»'en * = 4. - ' 

2 . Take the sum of tlieji?r»t three of the following expressions 

^om the sum of the Imt three ? 
a» 4 - 3«®6 4 - 2 a 6 * 4 - 6 ®, 2a® 4 - a ®6 - 3a6® « 26» 8 a ®6 -r 4a6® 
4a* 2 o ®6 4- 3a6* — 6 *. 

3. Expand (r 4- 3 f)Xx - y)*(^* 4- y0*« 

4. Divide a* 4 - a*h* 4 * 6 * by a* + a® 6 ® 4 - 6 \ 
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IXL 

L If a 6, 6 ac 3, find the value of 

3n £a {u -f- «-• c 4* ■“ (u 4* 0 r* c 4* <0}3« 

2. SlmpUfy ix + BX^ + 4) 4* (ar - 3)(ar 8) - (^r 4- 

8. Find the continued inuduct of a — ftc, a 4- a* 4- 
4 * Divide «* 4- by «* — -I- 6«, 

X. 

1 . Find the value of (n*4-« 4- 1)*4^(»*— n 4-I)® when » :a — 6. 

2. Add together 80 *- 46 4- 6c — 2d, 8a 4* 6c, 26 — c + 8d, 

<i 4- 36 — 4d, and subtract the sum from 8a — 76 — 8c 4* 6dl 

3. Find the square of ar* — fiary 4- 9y^ 

4. Divide a*6* — 8a'^6* 4- 2 by a6 — 1, 

XI. 

1. Find the value of \/ot* 4* 2a/? 4 \/«*”4- 4 \/p^ 4 

when m 5SS: 4, n s= 8, and ;> = — 2. 

2. Simplify x-- [2y4 {3* - 2a: -(5y - Sa)} -{2.r -(5y — 3a)}]. 

3. Multiply a:* — 4x* 4 2a; — 8 by*2ar* — 8. 

4. Divide z* 4 64a* by a® 4 4a 4 80*. 

xn. 

1 . If aj = 2 , y = 8, a = — 5, find the numerical value of 

(l)ar«4y‘4^; (2) ai» 4 y* 4 - 8^^^. 

2, Simplify {a 4 (6 — c)} — {(a — 6) 4 c} 4 '{a — (6 4 c)}. 
8. Find the continued product of 

(x 4 2y)(x - 2y)(a;* 4 4a?y 4 16y*), 

4. Divide «* — 2a6 4 — c* 4 2a — 26 — 2c by a — 6 — c, 

xin. 

1. Find the value of (a — by 4 (6 — c)* 4 (c — a)*, 

and of (« 4 6Xa — 6) 4 (6 4 — 0 + (<^ + «)(« — «)» 

when (1) a = 4, 6 = 2, c = 1; (2) a = 6, and c *= 0. 

. Simplify 3[8a: - {6y 4 (4ar — 8y) — (2ar 4 3y)}]. 

. Multiply the sum of a* 4 6a6 4 96® and a® — 606 4 96^ by 
the difTerence between a® — 2a6 4 6* and a*4 2a6 — 176*. 
, Dividf a* 4 2a*6* 4 6* by a® 4 2a6 4 6*. 

. Write down the following products : 

(ct — 3Xo — 2Xa 45); (jc 4 wXar4»X^ - »*)(*• — w); 

t y + ixy’+y - (« + 2^“ - ii>r. r 
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XIV. 

1. Find the 5umof(«+2cOH(44-«?)*+ttM«^^)*+C^^ 

2. From 3rt(6 — c)x — tAke o(5 — c!)jf -f + »)y. 

3. Hultipljr together + 5*X®« + — 5). 

4. Divide x* — xV --arV 4- + ^ 

Find the Bum of the following quotients: 

a» + 6 » a» + 8 «>» a» 8 ^» 

« + b » T^» a 4- 36 ' a-36’ 

XV. 

1. Find the raltto of 

when a s= 4, 6 = 8 , c s= 2, cf = 1. 

2 . From 04 - 64-0 take the ium of -1- J 6 4 - Jc, }a 4 

— 40 4- 4ft — }c» and Jo 4- 46 4 5^* 

3. Add together (w 4 « 4 I)* 4 (*» 4 w — 1 )’ 4 (wi — n 4 1 )? 

4 wt 4 n 4 

4. Divide a*x* 4 4 ftV hy 0 * 4 ;* 4 oftxy 4 ft*y ^ 

6 . Kesolve x* - 7x* 4 12 ; 1 - 16x*; a* - 606 4 96*. 


XVL 


1. Add together x(x 4 y 4 »)i y(a? + y - »)» y 4 «), 

and find the value of the sum when x = y = a s= 2. 

2. From (a — 6)ay 4 2(6 — c)ya 4 9(c — a)zx lake axy 

4 26ya 4 8cx2r. 

3. Write down the squares of 


1 — 8 x, 2 ir 4 5m ; 7 ?^ — 3, r* — 4s\ x 3ya, 

4. Divide xV — 1 by x®y* 4 4 4 1. 

, «*- **.- 6* + e *• - X - 42 

5 . suaphfy 


XVII. 

1. Find the difference between n* — 6^ and (o — 6)*, 

when a 6, 6 ^ 3. ^ 

2. Collect the coefficients of like powers of x in 

ox^ — 2a6x 4 a*- 26x^ 4 4 26 4 96cx 4 9c, 

3. Simplify (a* - IXa* 4 o* 4 1) (a'* 4 - a* 4 !)• 

4. Divide «® — 6" by a* 4 a*6 4 oft* 4 6** 

^ 6 . Besolte 2mx ^my — inx 4 2ny, 27x® — I, 25o*ft* -* lOoft 4 1- 
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xvm. 

1. Find the Tidue of (aa? ^ 5 ^)* + (% 4 . 4 »)* + (is» 

when a 2 = 4> 5 a 2, c =s 1, x =s I, y a }, ar ss L 

2. Simplify x* - lia* - {Bx^ - (4ap *- 1)}3 - (x* 4a» 

+ er‘-4x+ X). 

3. Showtliat 

(ar-yX«4. y-«)4(y ^«Xy -f a?X»+^ 

4. Divide 19a? — 2a? -f 16 - 31a: — 4 j? + a;* by 6 + of* - 7x. 

5. Add togfetheir the fbXlowiog quotients t 

^ 4 . 2a: 4 I X* - 1 x» 4 3x* 4 8x 4 1 x» - X 

x4C * ^-1* *41 » a:4l* 


XIX. 

1. If a = 4, ft = 5 , c = 1, w = 2, » a 8, find the value of 

(a« 4 ft*') 4 (ft"» 4 c") 4 (c™ 4 a**). 

2. Add together a* —{3a'*— ( 8 a —1)} and a" 4{3a*— { 8 a 4 1) }. 
8 , Multiply a? — x'* 4 x— lbya?4 a:‘*4 x 4 1, and divide the 

product by X* 4 2 x 2 4 . 1 . • 

4. Divide 4 2 aft 4 ft’ — c® — 2c<f — rf* by a 4 ft — c — <f» 

5. Besolve into factors : 

X'^ — 2x* — 24x, x’ — ay*, x'* 4 2xy 4 y’* — 


XX. 

1. Add together: 

(2ft42<: — a)®’ 4 (2c 4 2a — ft)x 4 (2a 4 2ft — c). 

(8ft 43c - 2a)x« 4 (Sc 4 3a - 2ft)x 4 (3o 4 5ft - 2c), 
(4ft 4 4c - 3a)x* 4 (4c 4 4a - 8ft)x 4 (4a 4 4ft - 3ft ). 

2. Simplify (2a —ft X2a 4 ft) — [«ft — -ft{a — (2a — 2a — ft)}]. 

3. Multiply y* — 2y* 4 8y — 4 by y* 4 2y'* 4 8y 4 4. 

‘ 4. Divide 27(a - ft)* - 18 (a - ft)* 4 9(o - ft)'* hy 9(a - ft). 

6. Resolve a? — 6x 4 9, a* — 4a*ft 4 4aft^ w*»* — 426. 


XXI. 

1. Find the value of 7 — V 9 -f + K** 4 6^* 4 2x - 8), 

when X = 4, — 4 and 0. 

2. Express with brackets taking the terms (1) tUfo (2) three 

together : ox — iy — cx — <& 4 — /*• ^ 

3. Multiply X 4 4y 4 by X — Jy — Js» 
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1 - g rr. -h SX-r^ ^ 2r + 4) 

4. Simplify ic* 4- 8 

5. Prove (a 4- 45)* (a — 45)* — (4o6)2 =a 16o5(l — «5). 


XXIL 

1. Evaluate the following e^cpreislons wlien a 9, a; =s 7a 

(1) 14o-[a-6{o+8(«— at)}!; (2) 

^ O'—aj 

2. From 5{(a — 5) — (c 4- rf)} take 2 {2(rt 4- 5) — 3{c — rf)}. 
B. Write down the square and the cube of 

(1) a: — 2a, (2) 8»i« + 

4. Divide 245^4-4Sa*5*-88a5»-22a*54-8ti* by 4a*-5a5 4-66*. 

5. Add together the following quotients : 

9 m* — W* m"^ -f 6mn 4- 6w* m>* 16n* — m n — 

8m — n * m 4- 2w * m 4* 4ft ’ m — 4» * 


xxin. 

1. If a = 3, 6 = 1, find the numerical value of 

(-v(5irT^)(x/o“I^ 4- (V^o^25XV« - 85). 

2. Add together a — j5 4- Jc, 4- ^5 4- ^c, ^6 — 

3. Simplify (x* 4- -I- 4- (a:* ~ 4- yO®— 2(a:*4* <»/'*+ y^)* 

4. Divide (a? 4- 1)* 4- 3(x 4- 1)* 4- 3(x 4- 1)*4- 1 by (x 4- 1)'^4- 1. 

5. Resolve x'* — 5xy 84y‘\ a* — ax*, y* 4- 2y3! + c’ — 1. 

XXIV. 

1. Remove brackets from 

CKC* — [6x*^ 4- /;x — {6x* 4* ex’ — (rfx 4- e)}3, 
and regroup the terms according to jwwers of x. 

2. From 3{a - 25 — (3e 4- 4c?)} take 2 {2a 4- 5 — (e — 3rf)}, 
8. Given quotient = x* — 5x 4- 8, and divisor = to find 

the dividend. Verify the result 'when x sr i. 

4. Divide (a5 4- 1)*(«*5* - a5 4- l)~(o*5* - l)(a^6* 4- ci*5’^ 4- 1) 
by a*5* 4* 1, 

5 Show that «:(x 4- ^)0® 4- 2X» 4- 8) + I « (jc* 4- 6x 4 1)*. 



STANDARD ALa£BBA.-PABT U. 


S1MPI2 EQUATIONS. 

44, Ak Equation is a statement that two qnantiiiee are 
equal (L, cequus^ equal). 

The term Equation is, however, usually restricted to cases in 
which the quantities are equal only when the letterq they con- 
tain have each a particular value. Thus, j; -f 5 = 9 is an equation^ 
the statement being true only when ar =5 4, 

If the quantities are always equal, no matter what values their 
letters may have, the equation is Called an Identity ; as in 

(a + lif = a* + 2a6 + ¥, a-* - / = {x +y)(a? - y). 

45, A Simple Equation^ or Equation of the First Degree^ is one 
which, when reduced to a simple form, contains only the first 
power of the unknown quantity. 

46, To solve an Equation is to find the value of the unknown 
quantity, of quantities, it contains. 

The value of the unknown quantity is called the Boot of the 
equation, 

47, The solution of equations is founded on the following 

Axiom : 

(1.) If equals be added to equals, the sums are equal. 

If a: — c i ; then that is, x = 6 -f- a, • 

mi. E 
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(2.) If equals be taken fVom equals, tbe remainders are eqilal. 
If 4- a = c ; tlien A:4-a — osae — «; that is, « =s e — a ^ 

Similarly, if 2a: — 4 = ar *1- 2, then 2ar — a? = 2 -f 4. 

<30 If equals be multiplied by equals, the products are equal 

(4.) If equals be divided by equals, the quotients are equal. 

If 5 4 f = 7 ; then, by Ax. 3, 4 ^ =7x12; that is, 

4x 4 3a: = 84 ; that is, 7ar = 84 ; and thejefore, by Ax. 4, x = 12. 

48. 1. Any term of an equation may be transposed from one 
side of the equation to the other if its sign be changed 
(Axioms 1, 2). 

2. If every term of an equation be multiplied, or divided, 
by the same quantity, tlie equality is not alteied (Axioms 3, 4). 

This enables us to clear an equation offructiom* 

3. If the sign of every term of an equation be changed, 
the equality is not altered ; for every term may be multiplied 
by — 1. Thtis, if — 2.P 4 b = — .r 4 1, tlien 23* — (> = a: ~ 1 . 

4. Tlic position of the tuo sides of au equation may be 
changed. ‘Thus, if 7 = x — 6, then a: — 5 = 7. 


Solution of Simple Equations containing 
One Unknown Qiiantitv. 

49, (a) Kulb. — (1) Transpose the terms containing the un- 
known quantity to one side, and the known quantities to the 
other; (2^) collect the terms on each side into one sum; (3) 
divide botli sides l)y the coefficient of the unknown quantity. 

Note. — The i^orking of every example should he tested by 
putting the valutJ found for x in the jdace of .r. 


Examples* 


1 . Solve 53: — 3 = 4i: 4 6. 
Transposing, 5a: — 4a: = 6 -1-3 
Collecting, a: = 9 

Proof, (o X 9)^ 3 =(4 X 9)4 « 
< that is, 42 = 42 


2. Solve 2a: 4 5 = 26 — 8.r. 
Transposing, 2a: 4 .3a: = 25 — 5 
Collecting, 5x — 20 

Dividing by 5, a: = 4 
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5d 


♦ 8. S<rf:v0 4idr -|- ® 

•Trrtnspoaing, 4af = — 4 — 6 
Collecting, — 5 j: =s — 1 0 
Changing aigna, 5.r ] 6 

Dividing by 5, ar = 2 

5. Solve 5(a:H-4)— 2(a?— 5)=0 
that is, 6a:*f 20 — 2x4- 10^=9 
Transposing, 3a: = — 20 — 10 
8a: = - SO 
Dividing by 3, a: = — 1 0 


4. Solve Sa: — 2 =» 8«r 4 2 
Transposing, 8a: « 2 4 2 

Collecting, , 6ar = 4 

Dividing by 0, ^ “ g | 

6. Solve a(ar — J) = c(a: — d) 
that is, oar — aft as ca? — ci/ 

Transposing, ux cx ^ ab ^ cd 
(a c)x=:ab^cd 
, ab^cd 

Dividing by a— c, ar = -77-;- 


ExEHCisa XXIII. (A), 

1. a?45=s8;a: — 7=s8; ar — OssO; a; 48 = 0; 4a“44 = 3a:47. 

2. 6a- - 8 = 4a: - 8 ; 8a- 4 5 = 5ar 4 26 ; 9a - 7 = 4a 4 23. 

8. 5a - 3 = 6a - 7; 8a - 11 = Da - 17; 5a 4. 11 = 7a - 9. 
4. na-6= 15a- 18; 88-€as=a43; 6a - 7 = 69 - 5a. 
.5. 86 - 9a s= 45 - 4.r ; 12a - 7 = 9a - 6 ; 8a 4 6 = 24a - 5, 

6. 13a 4 0 - 8a - 9 ; 48 4 6a = 7a 4 62 ; 9 - 8f = 61 4 8a. 

7. 4(a43)=r3(a46); 4(a45)=5(8-a) ; .5(a-8)= 7(12 4a). 

8. 6a - 9a 4 23 = 8a — 2a — 47 ; 13a - 8a 4 12 = 7a 4 4a — 12. 

9. 3a — 13a 4 33 = 3.r — 8a — 27 ; 5a — 6a 4 28 ~ a — 4a — 10. 

10. 2r45(:a44) = 7a45(a-4); 10a 4 7(a- 3) = 3a 4 7(a 4 7). 

1 1 . 5a -C2 4 3a)= 7a -(3a - 8) ; 2a - 3(4 - a)= 6a - 2(a - 3). 
11'. u+3X.r+6)=(a;+lXi + &); (ar- 6Xx + 7)=(®-3X» + 1). 

13. (i: + 9X.x-9) = (3r- lXx-7)j (r - 6)== (x - 9Xx + 3). 

14. (j;+ 9/ = (j; + 8)® + 4x + 7 ; (x + 5)* — ^x — 1 )* = 16x. 

1 5. a — 3(4 — a)= 3a — 4(a 42); 9a — 5(a — 4)= 4a — 6(7 — a). 
10. 3x + r.f9-.T)-fx + 3)=0; 15x-7(3.r-4) + 4(2x-3) = 0. 

17. 16-{4x-2(8-2x)} = 0; x- [2x -{r.x - 4(8 - 3xj}] = 0. 

18. (.r - 8Xx + 5) + (x + 9Xx - 4) - 2(.i- - 3Xx + 4)=:2 -8x. 

19. (8x - 4)(x + 6) - (x - 7X8 + 3x) = 18(.x + 8) + x + 2. 

20. (2* - 3)(3.r - 2)- 4a<x - 1) + 4 = (2x + IX* - 4) - 6. 

21. (x - 6X - (8 - x)* + 10x(x - 2) = (5x - 8X2x - 1). 

22. 63 + 6(x + 5)(x - 6) - (8x + 4X3x - 4) = 12 -(2x + 3^. 
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23. 2(4? + 3):6i;5(j7 - 1):7. * 

24. 3 ; 10 : : I5x - (1 + Sar): lOx + 8(4 - ^ 

25. car = a 4* i ; rx ^2p -- ^x; m» — 1 s? » + w « 2. 

26. aa:— & = «i — Jp; oje-fcss^iaf^-^i) »w>— p s^nx 

27. 2aar 4* == — A® J ^ ^c) + K* + ftc)* 

28. w(a7— »«+2i04- «*= «JP 4" 2 wj!> j j9(y® + 0*“^^ = c(/)4- 1)*- rar. 

29. «(a; 4- 2)-|- l/(x 4- 8)= 2c(2 + ^^)4- ^ > (« 4- ^0*^ = c® 4* 4a&*:. 
80. 2)(;c - jp) - g(p 4* ?) = Sg^Cp - a:) + 2g'(^ -f ar). 


Fboblshs Kesultino in Sjmple Equauqns. 
Examphs^ with Note^^, 

49. (b) ^otfi r. — The whole minus one part r= the other part. 
1, Divide 24 into two parts, one of which shall exceed the 
other by 6. 

(1 .) Let X = the greater part, Or, (2.) let x == the less, 

then 24 — « = the less. then 24 — « = the greater. 

And a; — 6 = 24 — a, And a; 4- 0 = 24 — x, 

or ” » = (24 — a:) + 6. or as = (24 — ar)— 6. 

A problem may often be set down algebraically in more waj s 
than one. By any of the four given above, we find the greater 
part to be 15, the less 9. 


Note 2, — If four quantities be proportional, the product of the 
extremes is equal to the product of the means. 

X 2 

Example,— If x :y ; : 2 : 8, or ~ ; then Bx = 2y. 

2. Divide 88 into two parts, so that the one shall bear the same 
proportion to the- other as 5 bears to 6. 

Let X -= the one part, then 88 — x = the other. 

Then x : 83 — x = 5 ; 6 ; that is, 6x = 5(33 — x). 

Or 33 ~ X : X = 5 : 6 ; tliat is, 6(33 — x) =r 5x. 


.. X 6 ^ 33 — X 


5 

6 ' 


From any one of these equations we find the parts to be 15 and 
18. Had we said, let x = the greater, then we must have written 


x«83 -x = 6:5, 83-x:x= 5;6, 



6 

5’ 


or 


83 — X 


5 

? 


X 



SIMFIOB SQUAtlOKS. 0! 

^ d.~^A]l t)id 1;erm« of an eqiMtion mnat be of the smw aor/ 

^(aect. 21). T1 iub» if one be expreaaed in pence, ill must be in 
pence ; if one be expressed in yards, all must be in yards, Ac. 

3. A person has £3, Ts. 3d. made up of half-crowns and half-* 
eorereigns. He has 12 coins in all. How many has he of each ? 

l£t X s the No« of half-cr., then 5a; := their value in sixpences ; 
, 12 — 0 :=: it half-sov., and 20(12 — a?) » » » 

£3, 7s. 6cik =; 135 sixpences ; 

5x -f 20(12 — r) s= 135 ; whence a; = 7, 12 — o? c= 5. 

Note 4.— It is often better to make a multiph of .c stand for 
wliat is wanted* 

4. A person spends £10 more than half his income on food 
11 nd lodging, £2 less than half the remainder on clothes and 
books, and then has £12 left. Find his income. 

Let 4o; = incomo j *.* in taking 4 of J of 4.r. no fractions arise. 
Then 2* 4- 1 0 = expenditure on food, &c. 

2a; — 10 = remainder. * 

6 — 2 = expenditure on clothes, Ac. 
a: — 5 4- 2 = £12, whence jc = £15, and 4a; = f60. 


Exercise XXITI. (B). 

1. (1) To twice a certain number 15 is added, and the result 
IS 39 ; (2) to three times a number 8 is added, and the result is 
50 ; (3) from five times a number 9 is taken, and the result is 
41. Find the numbers. 

2. A boy at play wins 15 marbles, and then has 4 times as 
many as he began with. How many had he at first? 

3. A has £G0, and B £20 ; A spends 5 times as much as B, 
and thenethey have equal sums. How much has each spent ? 

4. Divide (1) 37 into two parts, so that the first is 5 more 
than the second; (2) 42 into two parts, so that the first is 6 
times the second; (3) 75 into three parts, so that the first shall 
be 6 more, and the third 9 less, than the second. 

6. Find four consecutive numbers whose sum is 222. 

6. Three horses cost £115. The first cost £15 more, and the * 
third £6 lees, than the second. Find the price of each. 

7. Find (1) two numbers whose difference is 6, and of whieh 4 
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times the one equals 7 times the other ; (2) two numbera whoso 
sum is 28, and of which 5 times the one equals E times the others 

8. A and B havejx)gether ^26, and three times A*8 money and 
four times B’s would toother make £85. How much has eadi f 

9. Find (1) two numbers whose diffbrence is 6, mid their sum 
54 ; (2) two numbers whose difiTerence is 5, and of wdiich 4 times 
the less exceeds 8 times the greater by 7. 

10. A and B have together £6i0, and tliree times wlmt A has 
would be £4 more than what B has. How much has each? 

11. Find the area of an oblong whose sides are 3?espectively 
0 ft. greater and 6 it. less than those of a square etjual to it. 

12. Two vessels sail from London ; the one going 250 miles a 
day, sails 2 days before the other, which goes 275 miles a day. 
In how many days will the second overtake the first ? 

18. A starts from Edinburgh and B from Glasgow at the same 
time. A walks 4 miles an hour ; B, 8. The distance between 
the two places is 42 miles. How far from Glasgow do they meet? 

14. A farmer bought sheep at 17s. each, and had £2 over. 
Had they cost 22s. each, he would have had £2 too little. How 
many sheep were there, and how much money had lie ? 

15. A fanner has 7 times as many sheep as cows, and 8 times 
as many cows as horses. They number 200 altogether. How 
many lias he' of each ? 

16. Find the ages of A and B (1) when A i84hree times as old 
as B, and is as mucli under 50 as B is under 20 ; (2) when A is 
22 years older than B, and is as much over 40 as B is under 80. 

17. Five brothers are each 8 years older than the one next him. 
The eldest is thrice as old as the youngest. Find their ages. 

18. How much tea at 28. and 8s. per lb. respectively must a 
grocer mix together so as to have 48 lbs. worth 2s. 5d. each ? 

19. A and B play at marbles. A begins with 1(1, B with 12. 
After the game A has thrice as many as B. How many has he 
won ? 

20. Divide (1) 30 into two parts, so that twice the one shall 
equal thrice the other; (2) 15 into two parts, so that the sum of 
3 times the less aud 4 times the greater may be 54. 

21. How old are A and B (1) when A is twice as old ns B, but 
10 years since was 4 times as old as B ; (2) when A is five times 
as old as B, but 6 years hence will be only 8 times as old as B ? 

22. Six years hence a boy will be 4 times as old as he was 6 
years ago. How old is he ? 

28. A man aged 48 has 4 sons whose joint ages am 80. When 
wili^the joint ages of the sons equal their father’s age? 



QmA’xmt couuoas mA^vm 

^24> Divide (1) 45 into two p^rts, 6o tl^at the one may h® to the 
the proportion of 2 to 8 ; (2) £64 between two penmoe, 
80 that tlie one shall have £5 for every £3 the other has. 

25* A |Kirsoti leaves £9000 to he divide hetweexi his with, ^ 
3 sons^^aud his 4 daughters. Each son is to get twice as much as 
each daughter, and the widow £1000 less than all the children 
together. How much does each get? 

26. A sum of £6 is made up of crowns and florins, and there 
ai*e 38 coins in all. How many are there of each ? 

27. A pays £7, is. in guineas and half>crowus, using 6 limes 
as many halt-crowns as guineas. How many of each are paid ? 

28. In a purse containing £9, 8^. there are three crowns for 
every sovereign, and 4 shillings for every crown, and there are 
no other coins. How many are there of each ? 


OBEATEST OOMMON STEASUEE. 


50. The (greatest (fommon Measure of two or more (quantities is 
the highest factor contained iu each of them. 

Thus, the greatest eemmon measure of \2x^y and 16xy^ is ixy* 

* Greatest Common Measure’ (abbreviated G.C*M.) is the 
name generally used. ‘Highest Common Factor* wonld be a 
better one (52, Note 5). 

• 51. To FJND THE G.C.M. OF SIMPLE AND EASILY RESOLVABLE 
Compound Quantities. Kesolve them into their elementary 
laciore (sect. 7, 42) ; the product of the factors common to all of 
them is their G.C.M. 


(1-) 


Examples, 


6rt®6* = 3 . 2 . n , a . a . 6 . 6 


ah 


9a®i^ = 3. 3. a. a. 6. 5.5 a*— 5* 

12a*5» .2.2.tt.a.5.5 a*-2a54.5* 


( 2 .) 

=s a(a— 5) 

^ (a-}-5)(a~5) 
(a— 5Xa— 5) 


(3.) 

I* + 8* + 2 s= (a + l)(a: + 2) 

a’* — X — a = (x + l)(a; — 2) 

i» + 4* + 8 = (a + IX® + 3) 


( 4 -) 

®*+4®y+3/ = (®4-yX^+3y) 
x'—Sxy—if = (i+yX*"— 4y) 
= (*+yX®-y) 


In (1), all the quantities contain the factors 3, aa, and bh ; In 
(2), « — fc ; in (8), X + 1 ; in (4), X + y. The G.C.M. of those in 
(1), 18 therefore 8o*6»; in (2), a - i ; in (8), * + 1 in (4), xs(-y. 
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62. To viKD THE G.C.H. OP TWO CoKPocim QoiaifmsB 
BASiLT BESox^v^LE. (] .) Arrange tliem according to poweia of 
some letter common to both : (2.) Divide the one haring the 
higher power of the leading letter by the other, or, If its highest 
power be the same in both, divide eitlier by the otibier ; (S.^Diride 
the divisor by tlie remainder ; and ao on, dividing, by each new 
remainder, the divi^r immediately preceding it, till ttiere i$ no 
remainder. The last divisor is the O.C.M. 

Note 1. If the quantities have a cornmn factor which can l>e 
seen by inspection, remove it from both before applying tlie rule, 
and keep it to be a factor of the 0*C.M. 

Note 2. Any divisor or dividend may be multiplied or divided 
by any number which does not introdnce or remove a common 
factor. Therefore, 

Note 3. If the first term of any divisor be negative, change the 
signs of all its terms ; that is, multiply or divide it by ^ 1. Doing 
80 may change the signs of the but that (^ote 5) does not 

matter. 

Note 4. Where a large multiplier is required to make the one 
quantity divisible by the o^her, it sometimes happens that, if the 
order of the terms of each be reversed, a smaller multiplier or 
no multiplier at all is required ; as in Exer.XXIV. 15, 17, 19, &c. 

Note 5. The G.C.M. may have its signs changed, and still be 
the G.C.M. 

Since 12x* = 4x . 3x or — 4x . — 3a:, we see that lactors may 
have their signs changed, and still be factors. Similarly, if a — 5 
is a factor of one or more quantities, ~ (a — 5), that is, 5 — a, 
will also be a factor of them ; and cither may be their O.C.M., for 
they contain the same powers of a and b. a^h will be greater 
than 5 — a, if a is greater than b ; but less, if h is greater than a. 

In arithmetic, it is always the greatest common factor we seek ; 
in algebra, the highest; that is, the one containing liighest powers. 

Emmples. 

1. Find the G.C.H. of 3x* - - 83** + 15ar, and 4x* - 16*» 

- 26** + 80*. 

We see that * is a factor of both ; we therefore take it out, and 
keep it to be a factor of the G.C.M. (Note 1). We see, too, that 
3 is a factor of the first quantity, and 2 of the second ; we take 
them out also (Note 2), but as neither of them is a Victor of both, 
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m 


ttttd thetofote not a ootnmoti flAOtor^ ire io not keef) thorn. The 
(^^ntftiee now aie as* B»* — lias + 1^ 2a!* 8®^ — ISx 15. 

- 3**- lU 4- 5)2** ^ 8a:* - lar + 16(2 
2x* - «*» - 22jr 4 10 

- 2i*4 2 jp 4 ^ ss-l(2a!*-9*-6) 


2^-9ar-6) a:*-84^--llaf4 6(a?4S 


2 

2 ar*-6jc*-22i4r0 

2jc»-9a:*- 6ar 

8ar*-17i^0 

2 

6a^ — 84a7420 
Oar*- 27a:- 16 

-7(aj-6) =“”7x436 


x-6)2x*- 9x-.6(2x4I 

2a?®-10x 

a?— 6 
X— 5 

G.C.M., x(x— 6), or— x(x— 6) 


Here we change the signs of — 2ar* 4 9x 4 6 ; that is, multipiy 
or divide it by — 1, before taking, it for a divisor (Note 3). To 
make x* — 3x* — 1 lx 4 6 divisible by 2x® — 9x — 6, we multiply 
it by 2, which is not a factor of the latter, and cannot therefore 
be a factor of both (Note 2). For tlie same reasons ife multiply 
3x® — 17x 4 10 by 2, and divide — 7x 4 35 by — 7 before taking 
it for a divisor. 

The given quantities have thus two common factors, x and 
X — 6 ; their G.C.M. therefore is x(x — 6), or — x(x — 6) ; Note 6. 


2 . Find the G.C.M. of x* — A — xy* 4 y*, and x* — x*y 

-2xy4 2y^ 

x» - x*y - xy* 4 y»)x* - x*y - 2 xy 4 2 y*(x 
x* — x*y — x*y* 4 ay* 

•' - 4 *y -* 2/) = - xy - xy* 4 2y* 

x* 4 a 7 /- 2 /)x^- x*y— xy *4 y*(x- 2 y 
^4 x*y— 2 xy* 

-2x*y4 xy *4 y* ir-y)a:»+ xy-2y*(x42y 

-2x*y- 2ay44y* x*- xy 

8y*(x-y) = sxy-sy 


G.C.M., .r — y or y — X 


2xy-2y* 

2ay-2y* 
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Exsrcisb XXIV, 

fiild, by Inspection, or by sect. tbe G,C.M. of 

1. a6, 6cj abe, Ml a:*, »*, ar; a:*«; 4a;’, 6a:*; a!?. 

2. 6xy*, 9aj*y 4c^*a;*, lOa’a;’ ; 6a*6*; 18aV, 45aV. 

8. I6a*x, 40a’a:*, B6ax*; «® — a:*, o ^ ar; a:^ — 1, x® -h I. 

<a:-y)*; a;*- 1, 1 - 9x’, (1 - 8x)®. 

6. a:* + (a? + y)* ; 1, (x - ^7; X* - y*, (x* 4- y*)* 

6. a* ^ X*, Cl® — 2ax 4- a:* ; x® 4- 1, x* 4- 2x 4* 1 ; x* — 1, 
X® 4- X 4- 1 ; 1 — x®, 1 — 2x 4- X® ; 1 4* x®, (1 4 - x)*. 

7. x®4-y*, X® — y®, x*4-2xy4-y“; x*— 1, x*—!, x®— 2x4-1. 

8 . 06 4 4- 2<i6 4 «* — 2«ar 4 aJ*, ox — x®, a* — ox. 

9. X® 4 7x 4 12, x®4 9x 4 20 ; x* — 9x4 20, x®— 8x 4 16* 

10. a:® 4 X - 20, X® - X - 12 ; x® 4 8 x 4 15, x* - 9. 

11. X® - 8x - 10, X® - 4 ; X® - X - 80, x® 4 lOx 4 25. 

12 . X®- 2x - 16, 2x®- 8x - 27 ; .t*4 7x 4 12, 8x®4 22x 4 40. 

13. 4x®4l0x—24, 4x*4l4x— 30; a;®— x— 6, x*— 8x®--2x416. 

14. X® — 5x — 14, 3x* — 19x® — lOx — 28 ; x“ 4 a;® — 12x, 

X* 4 3x® — 3x® — 45x; 3x® 4 1 la: 4 6, 2x® 4 9x 4 2. 

15. 8x® - llx - 20, 4x® ~ Ux - 30; 5x® -- 17x - 12, 

au'i __ 21x - 12 ; 8 x* - 25x 4 28, 4x® - 23.c - 85. 

16. 8x*42x®-Sx, 10x»42‘*^*-7x; 4x®44x-16, 6x®43x-I8. 

17. 6x®— 13x45, 9x*--8x— 20; x®y— xy®— y®, x*y— 2x*y®4y^, 

18. X*— 6xy 4 a:®— 6x®y 4 4.ry®4 y* ; 4x®— 16x®4 7x 420, 

4x»44x®-3.3x-b ; x®-6x®~2x47, x*-9x»414x®4l9x-^26. 

19. 63x® - 26x* - 40x 4 12, 77x* - 71x® - .28x 4 12; 

80x® - 23x® 4 13x - 6, 86x*~86x®441x~ 12; x*-x®4x-.l, 

2x* — 4x* 4 7x — 5 j X* — 3x® 3x — 4, 2x* — 9x* 4 7x — 12. 

20. x *4 2x®4 2x 4 h 2 x* 4 x'* — 4x* — x 4 2 . 

21 . 2 x* 4 9 x?/ 4 2 y*, 2x* 4 12 x®y® 4 6 xy® — y*. 

53. To FIND Tim G.C.M. of moeb thau two Comfounb 
QUA liTlTlES KOT EASILY RESOLYABLE. Find (1) the O.C.M. of 



tZASt COMHOK 6? 

th^flrst ffild «60(md ^lumtities ; ( 2 ) the OfC 4 dL Mb malt and 
tile third ; and so on. 

jKran^/e.^Find'’ the O.G.M. of af* -f «* — SO, >*-^16, and 

ar* -)► OP *— 6. 

a.CM. of a?* + JP* - so, and -- le; = - 4 ; 

» G.C.M. of a;* — 4, and V + ar->-6, ssar— 2; 

*% G.O.M. of the tliree qimtities = a? -* 2, or 2 — a:. 

ExaiiciSB XXV. 

1. a:*-|-5jr+6, ar*-h7a:-f 12, ar®4“8a:+15 ; aP®-)“2jr--8, a?^— 6ar-f8, 
j “ -I- 8x — 10 ; ar* — 8 j? H- 15, a:* + a? — 12, a® — a: — 6, 

2. a:* — 7 j: + 6, X* — 4x* -f x + 6, x* — 8x -|- 2. 

8. X* — 18x — 12, X® — 4x* — X 4, a;* — 2x — 8. 

4. X* — X + 6, X* 4* — 3x + ^1, x* 4- 2x* + 9. 

6. 2x* - llx- -H 17x - 6, 4x» - 21x + 10, 4x* -f 4x - 3. 


I£A8T COMMON MULTIPLE. * 

54. One quantity is a Multiple of another when that other is 
one of its lectors; a Common Multiple of two or more others, 
when each of them is one of its factors. 

Thus, 6a®x is a common multiple of 8a®, 2ax, 6x, &c. 

55. The Least Common Multiple of two or more quantities is 
tiic quantity of lowest powers that has each of them for one of its 
factors. 

ITiua, 12a*x is the lowest common multiple of 8a®, 2x®, 4ax, and 
6a®x. ‘Least Common Multiple’ (abbreviated L.C.M.) is the 
name geneaally used. ‘Lowest Commou Multiple’ would be a 
better one. In arithmetic, we seek always the least C.M. ; in 
algebra, the lowest; tliai is, ttie one containing lowest i>ower8. 
(Sect. 62, Note 6.) 

66, The L.C.M. of Simple on easily resolvable Compound 
Quantities may he found almost by inspectiqn by either of the 
following methods : 

1. Besolve them into their elementary factors ; the L.C.M. 
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contain all the tkctors of the first, those of the seccmd not «tm* 
tained by the first, those of the third not contained by the firstf or 
second ; and so on. Tima, since 


(1.) 6a*6»= 2.a.aa .hb 
S.'B.a .m 
\2a*b = 2.2.8. am . h 


(2.)a* + «i ^0ia+b) 

^ =(04- 

a* +2aHi^=(«+ftX^+^) 


The L.C.M. of (1) will be 2*8.ao.66 x 8.6 x 2.a = 36a*6*, 
3.6 being tiie additional factors of ^ab\ and 2, a factors of ]2a^6 
additional to those set down for 60*6* and 9a^ ; and the L.C.M. 
of (2) will be a(a + 6)(a — 6X<^ + 6) = «* -j- f**6 — a^6* — ab\ 
None but elementary factors should be sot down; had we 
written 12a*6 = 4.3. ana , 66, the result for (1) would hare been 
2 . 3 . aa . 66 X 3.6 X 4.a = 72a*6®, 

2. The arithmetical method, Tirtually the same as 1. Thus, 


2 

if 

lOa’4, 15o4* 

o j a*-f <»6, 0*— 6*, rt*4-2«6-f6* 

8 

8a6, 

"6^67l5oi* 

a-|"6|tt 4- by 0®— 6*, a®4*2a646* 

5 

a6, 

Bfi*6, 

To6* 

tt—6| 1 , a —6 , a 4- 6 

1 

a 

a6. 

„ a\ 

“a> 

a-\-b 1 1 , 1,04*^ 

a 

b. 

ah, 

6* 

1 1 , 1 , 1 

h 

h. 

h. 

6* 

The L.C.M. for (2) being 
a(a -1- 6)(a — 6)(o + 6) 

h 

1, 

1, 

h 


1, 

1, 

T 

= a* + a®6 — a®6* — a6*, as before. 


3. The readiest method for simple quantities is: (1) Find the 
L.C.M of their coefficients, as in 2 : and (2) annex the liighest 
given power of each letter. 


57. To FTN1> THE L,C.M. OF TwO CoMFOTJNl> QUANTITIES NOT 
EASILY RESOLVABLE BY INSPECTION. (1) Find G.C.M. ; 

(2) divide one of the quantities by it; and (3) multiply the 
quotient by the other quantity. 

Example , — Find the L.C.M. of 2a:* — a: ~ In and 3ar* — 13x -f 12. 
Theira.C.M. = a:~8; (2a:* - x - 16) 4- (a: - 3) = 2a: 4- 6 ; 
(Sx*-- 13a: + 12X2 :p+ 6) - 6ar»-llr*-41x + 60, their L.C.M. 
is better to keep the L.C.M. in factors than to multiply out. 
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• ExBttOIfiS XXVt 

I%id the L.CJ£ of 

h ahf bc^ ac ; htz^ axz ; xif\ a%\ 

%, oar, a\ aa^\ 2a, 4ft, 8c; 6ax, 9xJ«i5 4a;*y’, 8a:*y*. 

3. 180®*, 12a®*; 10®*^*, 15®^, $yz*i 16a®*, 24aV, 18®/. 

4. aft — ac, ft* — ftc, ftc — c* ; ®* — a:y, ®y — a/. 

5. a®, a®-f®®i a*+a®r a*®— a®*; 3a, 4®, 2(a+®)> 6(a+®)®. 

6. O'- ft, (a — ft)®, (a — ft)* ; 2® — 8®*, 2y — 3®y, 4®^ — 6®Y 

7. a, ®, a-j-®, a—®; ®-fI, 1—®, 1—®*; ®*-f-®, ®*— ®, ®*--l. 

8. ®® Hr xy, ®*y — ; a* — aft*, a^b — 5 + ®, 25 — ®*. 

9. 2®H-1, 2®-l, 4®*-l; 2®-4, 2®*-8; 6^+2®^, 9a:-®*, 

10. 2a*— 8ft*, 2a 4- 4ft, 3a— 6ft; ®‘f.y, ®— ®*+/, ®*— /; 
2® 4 9, 2® — 3, 4®* — 9, 4®*49; a*— ft*, a*42«ft4ft®; ®*— 1, 
®* — 2® 4 1 ; a* — 2a® 4 ®*, a* 4 2a® 4 a* — 2o*®* 4 a^. 

11. a 4 ft, a*4ft*; ®*4l» a: 4 3, ®4l; ®*— /, ®*4/. 

12. ®* — 1, ®* — 1, ®*4l; ®* — 1, ®* — 1, ®*— ®, ®*4af41* 
®*41, ®*— 1, (®4 0^ 2C*— ®41; 0+a:)®, (1—®)®, I-*-®*, 14«^ 

18. ®* 4 3® 4 2, ®* 4 4® 4 3 ; ®* 4 6® 4 8, ®* 4 9® 4 14. 

14. ®* — 8® 4 a:* — 10® 4 21; 4 ® — 20, ®* — ® — 80. 

15. 4®*412®4 5, 6®*-6®-4; 6®*4n®-35, 9®*- 8® -20. 

16. ®*4a:V 4a:/4 /» ^ 4 3®y 4 3/ ; a*— a*ft 4 aft*— ft*, 

a* — a*ft— aft*4 2®*4 4®®y— ®/— 2/, ®*4 2®*^— 2®/— 4/. 

1 7. ®*- ® 4 0, a:*- 5®*4 9® - 9 ; ®*- 2®* 4 16, ®*- 8® 4 82, 

58. To FIND TUB L.C.M. or mokb TIV^S two such 
Quanxitiks. Find (1) the L.C.M. of the first and $econd quan- 
tities ; (2) the L.C.M. of this result and the third ; and so on. 

Example . — Find the L.C.M. of ®* 4 ®* - 20, ®^ — 16, and 
a:* .r — 6. 

L.C.M. of ®*4 a?* - 20 and .r* - 16=x* 4 Sar* - 16®* - 80 ; , 
L.C.M. of®* 4 5®* - 16®-* - 80 and ®* 4 a: - 6 

= ®' 4 3®* 4 5®* 4 15®* - 16®* - 48®* - 80® - 240, 
the L.C.M. required. 
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But to Aim! an L.O.M, of this form requires aueh Ubonr j sind 
when found, it is generally less convenient to work wi^ tl^n 
when it is written in factors; thus, 

« 20 =r (x* + - 4) = (;r* 4 - B)(a: + 2X« - Vf 

2^ ^16 =(j^ + 4Xar*--4)=:(a-*44Xa;4aX^-2), 

+ x —6 —(x +8Xflf —2); 

/. L.C.M. + 5X^ 4- 2X* - 2Xa^* -f ^X^ + 8X 

Exercise XXVIL 

1. a:* 4 8x 4 16, a:* 4 9a: 4 18, 4 Har 4 BO. 

2 . - 9ar 4 20, x^ - liar 4 28, x* - 12x 4 86. 

8. ar® 4 2 a! — 15, X® — 9x 4 18, x® — x — 80. 

4. 6x®4 5x-6, 8x®4 2x-15, 12x®- 23x410; x*- 8x4 18, 

X*— x®4l2, x®46x46; x*— 16x460, x*— 3x-420, x®410x425. 


FEACnONa 

59. 1. An hitegcr or Integral Qftantitg is a whole or several 
wholes (L. integer, whole). 

2. A Fraction is a part or several parts of a whole (L. /rerc- 
tvvif broken). 

60. 1. If we wish to have iwo^thirds of an apple, it will come to 
the same thing whether (1) we take both the thirds oft one apple, 
or (2) take a third off one and a third off another, supposing the 
apples the same in sise. Either way we shall have two-thirds, 
and tlius we see that 2 thirds of 1 apple = 1 third of 2 apples. Jl* 
we wish to have three-fourths, we may take all the three off one 
apple, or a fourth off one, a fourth off another, and a fourth off 
another ; and thus we see that 8 f'mrihs of 1 = 1 fourth of 3. 
Similarly, 4t fifths of 1 = 1 fifth of 4; 6 sevenths of 1 = 1 seventh 
of 6. Novr 

1 third of 2, =5 2 -r 8, is written 4 ; -*.2 thirds of 1 may be written I ; 
1 /owr/A of 8, =8 -r 4, » | 8/o«r//w of 1 *i I ; 

1 se!;caMaf5,=6-r7, if ^ B sevenths of I » 1}- 

We now see (1) why a fraction is written like a sum in 
division ; (2) that 'i may he read ‘ 2 divided by 8,’ * 1 third of 2/ 
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0 % ‘ 2 thirds of 1 ; * * 3 divided by 4/ < 1 fojarth of 8/ * 8 Iburths 

^ 1 &c. ; and we also see that 

2. (1) The u/jper quantity tells the number of parts in the 
fraction, and is therefore called the Numerator (JL mmerua^ nunv 
her) ; (2) the kmer tells the name^ and therefore the $ize^ of the 
parts, and is consequently called the Denominator (L. nomen, 
name). 

S, In telling the eize of the parts, the denominator also 
tells how many are required to make a whole ; for, if the parts are 
halves, we know that 2 of them are required ; if thirds, 3 ; if 
fourths, 4 ; and so on. 

Therefore (1) the smaller the denominator, the fewer are the 
parts required to make a whole, and therefore the greater must be 
their size / (2) the greater the denominator, the more numerous are 
the parts required to make a whole, and therefore the smaller 
must be their size, Tlierefore, increasing the denominator decrease 
the fraction ; decreasing the denominator increases the frctciion, 

61, 1. We can increase a fraction in two ways ; (1) by mcreamg 
the number of its parts, that is, by increasing the nwneralor ; (2) by 
increasing the size of its parts, that is, by decreasingmibo denom^ 
inator. Therefore, 

To multiply a fraction, either (1) multiply the numerator, or 
(2) divide the denominator. 

2. We can decrease a fraction in two ways ; (1) by de- 
creasing the number of its parts, that is, by decreasing tlie 
numerator} (2) by decreasing the size of its parts, that is, by 
increasing the denominator. Therefore, 

To divide a fraction, cither (1) divide the numerator, or (2) 
multiply the denominator. 

8. If both numerator and denominator be multiplied by the 
sam quantity, the value of the fraction is not altered. 

For mukiplying the numerator increases the number of the 
parts 80 many times, while multiplying the denominator decreases 
their size just as many times. 

4. If both numerator and denominator be divided by the 
same quantity, the value of the fraction is not altered. 

For dividing the numerator decreases the number of the [larts 
so many times, while dividing the denominator increases their 
size just as many times. ^ 
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5. An integral quantity may be written as a firaotien with 
1 for its denominator, for dividing It by 1 does not alter itb 
value. Thus, 7 = that is, 7 *7^ 1. 

6. A negative f^tion becomes positive, and a positive 
fraction becomes negative, if aUthe signs of the numerator or all 
those of the denominator be changed, 


00-^? = + 


' ar-f y. 


or (2.)- 




ar-y 


a?+y a:4-y ^ 

For (1) the value of a quantity is not altered by multi- 
plying it by — 1 X - I, that is, by 1 ; nor (2) is it altered by 
first multiplying it by — 1 and then dividing it by — 1. And 

at+y x + y x+y 


^ -f- y 




62. 1, A Mixed Quantity is one which is partly integral and 
partly fractional, as 2§, 3 -7- J, a -f- 


2. An Improper Fraction is a fraction merely in form, but 
an integral or a mixed quantity in reality. All others are 
Proper Fractions. 

Therefore, whenever the numerator is less, or contains a 
power of the leading letter not lower, than the denominator, the 
fraction is improper f for then tlie numerator divided by the 
denominator will give an integral or a mixed quantity. Thus, 


4 6 a . 

T» Tj improper fractions ; 

4 4 a fto 4 X . 


3 ah 

Jractions ; 


for 


- = 4^4=1; ^=1 + Ji 


, «?b 


3. The numerator and denominator are called^the terms of 
the fraction ; and a fraction is said to be in its lowest terms when 
its numerator and denominator have no common factor. 


Exbbcisb XXVni. 

1 . Head, in tliree ways, the fractions I, f fc A» ih 

2, Tell the number and size of their parts. 

f 3. Hofv many parts are required to make a whole in each f 
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Find the vnloe of J x f, f + 3, fyx 7f A ^ ifr 
3- Find,intwoway8,|.S, ^-r 8> | * fc, ^ 

€. Write in fractional form 3, 4, 6, 13, ah^ x tJ? ^ h\ 


7. Write, in two ^aya, as pmiim fractions, — j, 


as negative fractions, < 



— a? 4- y ic ““ 1 
a? — y ’ — 05 4 I’ 


n — & 

■ SCT«' 

-^4a» 

a:*-***' 


Reduction oe Feactions. 

63. To Reduce a Fraction to its Lowest Terms.— D ivide 
both numerator and denominator by their G.C.M. 

This makes its form simpler, but does not alter its value. 
( 61 . 4 ). 

In practice, the better method is to resolve both numerator and 
denominator into their factors, and then cast out the factors com** 
mon to both. Thus, ' 

(1.) (2.) 

6^ ^ 2 . ^ 2 at^y^xy^ y®) _ ary 

2^ So; . 8 x* “ ^ (^y®)(a-*-y*) ?4? * 

(2-) 4- 5y 4 6 _ (x 4 4 3) _ x 4 2 

X® - j: - 12 ix - 4Xar 4 3) ” a: - 4" 

Exercise XXIX. 

Reduce to their lowest terms : 

1 ^ 3f*y®g 3 a ®6 8 ac* a* — ox 

icf’ ftcc/’ xy*’ xyV’ 6a6® * 12a*c’ 21oV’ c* 4 ax* 

0 •" .y* X* 4 X X® — X* a*fi 4 «//* X® 4 xy® 2x 4 4 

X®— xy®* X® — x®^ X® — X®* a *6 — a 6 ®* x®y — 2x* — 3' 

^ 1 — 2x 3x®y 4 xy 9x 4 3x* a® — 6 ® x® — y® o® — 6 * 

1 - 4x®» 9x» - X ’ 6 x® - 54’ a® - >’ x® 4 y®’ - 5»* 

X* — y* X®— 4 X— *x* a»^ 5 * x®4 2 x 41 

X® - y«’ X® - 8’ T- V’ a* - 2a5 46 ®’ 1 ’ 

X— 1 ft — a X — X® X® — xy «* — 2a5 4 
4 1 ’ a®“5®’ X® - r "^y* - X®’ % 

F 
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STANDARD ALDNBRA. 


^ a» - 4- Sfl^V -f 6 ay* + Zy^ 2a* - 4fl»^ -h So^^g 

a® — CM? ’ - 5^) S(<? — «*^*) *e 

a?®4.(k + 8 *^-8x4 15 x®42a?-16 ir*4a?-*6 
ar» 4 5a: 4 6* a* - Bar 4 20’ ?48F^10’ /c* - ar - 12* 
83r*46a?43 2a:® 4 6a: — 8 6a:*43f— 12 a:*4a:--2 

^'S^9x-h6' 2?48ar-10* 8a:*46^^9’ a:»42.T*-a:-2* 


64. To Reduce an Imfroper Fraction to ah Integral or a 
Mixed Quantity.— D ivide its numerator by its denominator. 
Thus, 


8a;®/ 


= 2xy; 


7x 

3" 


= 2x + |; 


2 x^—1 

3 ^ — X 


X 


- 1 - 


a: 4 1 
a:* — ar* 


This is merely performing the division indicated, for these 
fractions mean 8a;y 4a/, 7x — 8, &c. In the third example, 
the remainder is — a: — 1, but the line between numerator and 
denominator is really a bracket, and — a: — 1 = — (a: 4 1)* 


Exercise XXX. 

Reduce to integral or mixed quantities : 

9 15 6rt 6a; a? 4 « a® — flf® 4.r* 4 Sy a:® 4 ^ 2 

3’ 1’ 3a’ T’ x* ’ 2a:® ’ x 

^ 6x® — 2aa: a:® — 2xij -j- / «® 4 2nb — 5* a® 4 i® a:* — 1 

3? ’ ’ v:=T’ ^TV 

I* 4 1 a;* — 1 a.-® — X® 4 1 “ 2.r® 4 1 a-* — 2x 

;t®' 41 ’ ■■ 0:^4”’ a:® - :r 74 1 ’ 

65. To Reduce a Mixed Quantity to an Improper Frac- 
tion.— (1) Multiply the integral part by the denominator of the 
fractional part > (2) add the numerator of the latter to the pro- 
duct ; and (3) take the result as a numerator, and the denomin- 
ator of the fractional part as a denominator. Thus, 

. X Gr-\-x 7x _ , X— 1 _.r®— 1 — (j?— 1) a:® — a- 

* * + l~ x + i "TTr 

This is properly addition ; (1) the integral part being written 
as a fraction with 1 for its denominator (61. 6% (2) this fraction 
being changed to another having the same denominator as the 
fractional part (6G. 1), and (3) their numerators being tlien col- 
^VJCted. Tima, 





2a? 



6x -f X 7x 

_T 

+ 3 = 

T + 8® 

8 “8* 

x-1 

X— 1 



1 

"x-hl 

X-f 1 ** 

x-i-1 x4* 1 


Note that tiie before the fraction, when removed to the nnm* 
erator, ohaogee all the signs of the latter (61. 6), so that 

- ^zJi 4. 1 - (g - 1) 

af-l-l a 4* 1 ” a + I 

ExERcisn XXXI. 

Eeduce to improper fractions : 

__ 1. 2 .c y..o* ,6 — c 

1. 2 + j, 4-5, a+ j, 1+^ a +JJ, a+-^. 

2. a--2=-, * + y_ 

ac ^o-A’ » + y’ o-at’ a+y 

. ^ , 4a6 2aa . 6* — ah ah + 6* 

3. d 0 •I* " ■ "" I fit 37 •“ ‘ ® I ) •“ '' I f • 

'a — 0 o — ar 'a — 6 a + o 

66, 1. To Reduce a Fraction to an Equivalent one having 
A Given Denominator. — (1) Divide the given denominator by 
the denominator of the fraction, and (2) multiply botlj the num- 
erator and denominator of the fraction by the quotient (61. 8). 

' Examples. 

Change (1) to an equi valent *fraction having \2x^f for its 

denominator, and (2) ^ ^ equivalent one having 

or* — y* for its denominator. 

Since 12a:*?/ 3a:/ = 4a? ; and x* — -i- a:* 4* / =* x*— / ; 

. /I _ 2x* X 4x _ Sx* 

• • ^ 3x/ “ 3x/ X 4x "■ 12? f 

n \ ^ 

^ y^){? - /) - / ■ % 
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STANDARD AD^BBRA. 


2 . To BeDOO® F»A<JTI0»8 to EQUmLBNT ONES nATO^ 
THE Least Common Denominatob.— Fmd the L.C.M. of thej^ 
denominators (56, &c.), and reduce each fraction to an equivalent 
one haring this L<C»M. for ita denominator (66. 1). 




( 8 ) 


x* + 7x+12* 


X® — a? — 12’ 


,, to equivalent fractions having the L.C.D. 


The L.C.M. of the denominator in (1) is in (2), 

(a 4- i)(fl — 5) ; in (3), (x + 8)(a: 4* 4)(a? — 4). Therefore, 

(-n £. - iL. m _ <° - *) _ o’ - 

^ 0 4-5 (a 4- 5)(a — 5) (a 4- 5Xa 5) 

y b ^ 5(a 4- fc) _ ah 4- 5® 

« “ xifz‘ a — 4 (a — 5)(o 4“ 5) (a 4- 6)(a — 5)' 


(8.) ^ — \ - LzlI . 

^ + 7a: 4- 12 (x + SXa: + 4) (a; + 8)(a? 4- 4)(a: - 4) 

I 1 _ (x 4> 4) 

T* — ar — 12 “ (ar 4 - SXa: — 4) (x 4 - 3)(x 4 - ^Xx — 4)* 


to equivalent fractions having the L.C.D. 


_1 1_ X® 

X — 1’ 1 — x’ 1 - X*’ 


Where a denominator of the form y — x occurs with others of 
the form x — y, x 4- y, x® — y®, &c., it is better, that they may 
all be alike in form, to multiply the numerator and denominator 
of one or more pf the fractions by — 1. Thus, 


(10 


X 

^ + y 


X 



‘1 


X — 1 


- ~.y 

y - a: X - y 


or 


« 1 


1 — X 1 — X 

X® X® — X’ 

1 - 1^“ 1 - T* 


X — 1 

A 

?“T 


xy xy 

This does not alter their value (61. 8), and the L.O.D. is then 
ignore easily found. 



Stt&ancarB. 


7S 


Exsaoiss yyyTT. 

X. Bednm 7. ^ “’** -*** 

equlval6iit fractions having fi >7 their d en < M n i nafe>rs« 

Bednoe to equivalent fractions having the I4.O.D i 

35 a ^ c ^ a b c ^ ^ ^ 

^ j? P * :e’ i?* ? * €t? aa? c?x^ o^ac*’ 

1 a b 1 a + 1 i 

3 - 7 + 4 ’ (0 + 4 )*’ 0 - 4 ’ ( 0 - 4 )*’ ( 0 - 4 )*’ * + 2 ’ ® + 8 ‘ 

A «* . ar _ 1 1 

* a 4- a:' a* + ojf ’ a? — y’ jc* — ary * a& ■+* 6* ’ a* -|- oi* a*5 + 

K a? . 1 1 2y a: * 

*«4-ar*a-a;»ar~yar4-y’ar*— y**a?-hl*a?-ra?® - l' 

3j^ 4 2a? 6 Sx 5a? ^ 

2^ - is ’ 2 - 6? 1 

„ a b 2 ab ^ a » j 

* a + 6’ 6 — a' o* — 6* ’ o — a?* a? — a* c^ \Z 3 ^ a?* — a** 

g + a ? « - a r ^ o 6 , 1 ^ a? 

<j _ jp* fl ^ j? » a -f- A’ o -— 5 ’ a* -j- * a: — 1* a?* — 1’ j? -j- 1’ 

o 2 3 I 1 

(a:+3Xx+4)’ (af+4Xa?1.6)’ (a-6Xa-cy (a^-i)C6-cy 

10 L. ^ - y 

(a-6)(o-c)’ (a-6)(c-a)* (a:-yX«--a:)’ (y-arX^-sf)' 

11 1 a?y ^ 1 3a:^ — 6x a + a? a* — a?^ 

’x — y’ar* — y**a;-f2’ ar®H-8 ’a** — ox + «* * <»* + a?*' 

12 ^ ^ ^ - 2 3^-3 X -H 4 

x»+6g4-6’ x»H-6x-i-8’ x»+6x + 8* a:*-i*2x-8* ?^4' 

-g x + 8 X — 3 4x + 5 3x — 2 

2a?* + x-r 2x*‘-^H-l’ 6x*+13x + 6’ 8x» + 2x-.15* 

Annmon airn SuBtaacnoH* 

67 . Bitle.— ( 1) Change the fractions to equivalent ones having 
the L.O.D. (66o 2) ; (2) collect their numerators for the numerator 
of the answer, and keep the L.CJ). ibr its denominator. ^ 


78 


BTANDARB ALGISBE4. 


Before fractions can be added or subtracted, tbeir parts touft 
be of Me same sort (sect 21), and therefore of Me same sizes tbair 
is, thejr must have a C.D. Then, to find the num6er of parts in 
all of them, we collect th(dr numerators (60. 2); and keep tiie 
CD. to tell their size* 

Thus, just as 2 apples apples =s 5 cppkSf so 2 sevenths 8 
sevenths = 6 sevenths; that is, J f =; ^-*-2 — But we cannot 
add 2JiJlh8 and ^fourths till they have a CD. 


Examples* 

1. + l±i' + V s- . V 

" * + y y — x + y * - y ^ ®* — y* 

_ - yXx - .v) _ (i + y)(x + y ) . 4y* 

(* + yX» - y) ~ (* - yX* + ^ (® + yX» - y) 

_ - 2ay + y»— (x»+ gay+y*) + 4y * _ — *xy + 4y* 

~ (* + yX* - y) ~ (* +yX» -y) 

- 4ay - 4y» _ 4y(x - y) _ *y 

(* + yX»-y) ~(* + yX®-y) *+y‘ 


V y* 

^ (® — yX* — ~ (y — ®X* “ ®) 


_ j* y* _ g* - y * _ » + y 

(*-yX®-*) (*-yX®-*) (®-yX^^ 


^ ®— 6 , X— e _ X— 6 X— 6 

?+14x+48'''^4-10x+24 (x+8Xx+6V (x+6Xx+4) 

_ (x - 6Xx + *) , (X - 6Xx + 8) 

- (x + 8Xx + 6Xx + 4) (x -h 8Xx + 6Xx + 4) 
x> - 2x - 24 + x» + 2x - 48 
(x + 8Xx + 6Xx + 4) 

2x* - 72 _ 2(x* - 86) _ 2(x - 6) 

“ (x+8Xx+^x-l-4') (x+8X»+'6Xx+4) (x+8X*+4)' 


In 1, + i« changed to — 

(«!• 8 ; ««• 2. Note). 

<* + y)C* - y) 


and 


- 4xy 4- if 

(x+yXx-y) 


to 



fHAonoKa 
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>*’ i.ebangedllmto-^^5^^ 

and then to - /— — £ 1, by multtplTing ita namentorand 

denominator l)y — !» and then by — 1 asfain. We multi^y a 
quantity when we multiply one of its factors ; therefor^ multiply- 
ing ^ — a:)(s — >) by — 1, changes the signs of y — x ; multiply- 
ing again by — 1, changes those of x? — 

In adding several fractions, if is often better to add drst two of 
them, then a third to their sum, and so on. Thus, 


1 2a _ 4ab ^ 

' a — 6 a + i n* 4- 6“ ~ a* ^ 


For 


(’•)5rs + 


I a + b 
a+A a*-6* 



■ a* - P ' 


2a 




^ 2a 2a _ 2a(a* -h 2»*) 2a(a® — i*) 

a» ^ a* + fi» “ a* - 6* ““ o^'- 6* 

_ 2a* 4- 2a6* — (2a* — 2a6*) _ 4a&* 

= a* -6* ‘ 


Exbrcis® XXXIII. 


^ a , a 2a , 4a 7x Sj? x-\-2y , 2ar — y 6j’4-y 

4"*'6^ 3 6 ’ "5 7 ^ 4 ‘ 3 6 ' 


2 . 



tt + 6 4!+jf r-,y 

i ’ 9 a: ’ 


?M 4- n 
m 


H- 



m * — 9>* 

inn 


3. I 

ay ya xx ' yz zx xy 

m-^^n wi — 6n w — 9a a; 4^ 8 sc* 4- 5 .r® 4- 7 

’ 3a 9 a ’ ^3~^* 

'a; + Ji’^^-4-4* o4-a;'^a — a;* 1 — 

g 8_ _a 1^_ 

*4* 4-4 X V a4-a: a — a?* l4-?a 1— ot* 

7 ^ 1 X y a ah 

‘a;4-i X— 1* a?4-y ar — y’ a4*6'^a*4-aft* 
a 2ax 1 a 4- a: 2(aj- — r*) 

. * (a 4- Xf)* (a 4- x)* * a — JT (a — j:)* (a — jf)“ 
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g + X g ~ X 2x + I 2x — 1 x 2x^ y a 

* g — i ""o-l-x* 2x*-*l 2x + l’ ly — ?— ay «. 

in ® & 2gft X , 2x xy 

* o + 6*^ g ■— a’— 6®* X* — xy ? — y* x*y + xy*" 

It 2_Illj.fLi^ (g + 6)* X X 2x^ 

' a + 6 g — 6 “"d* — 6 **x-*l ar + l"’ 7"ZT* 

^2 8 4 5 2 8g 4 ~ to 

’ a-26"^2aH-4i g® - 46* ’ 1 - Sg 1 + Sa i - 9g*’ 

,Q g g 2a*6* 4 + 3g 2 + 4g S + Sa + Tg® 

a* + 6*'^?^ 6*"?^* 8"a*'8+g 9"^ 

14 ^ I 1 5a . 

* 2a- 2“^8g + a"" 6g* - 6 * x*-y*"^x* + y* x* - 

16 ^ 3 X — 10 g* -f g* _ g* x* 

X -f 2 2x — 4 3x* — 12 * ox gx + x* rr -1- ox* 

-- 2^ 6 2x + 9^ 8x — g , X — 3a . 4a(g ) 

‘ X 1 - 2x ^ 1 — 4x* * g — x’^g + x"*“ a® — x* 

X— 4 , x + 4 X — 3 x + 8 

X*- 16x + 64'^x'* + 8x-64' x*- x- f2"*’x*- 7x+ 12* 

18 X — 4 X — 4 X + 2 x+ 1 

' X* + 14x 4- 40 X* -I- 2x — 8 * x*4- 7x+ 12 x’^ 4- 8x 4- 15“ 

15 - ~ 7 g — 8 ^ g — 96 _ g — 6 

u®— 8a 4- 16"" g®— 12a4-85 ^ g^— Ca64-66® g*— 14a64-456* 

20 . a: 4-1 ? + 2„ 

'x* — X — 2’^x*4-x — 6 x*-4 4x+3' 


21, ^ ^ , V . ^ __ ^ -U . - 4- 

* ^ “ y y - x’ X 4- y /- ^ ’ X 4- 1 1 ~ i .r* - x*‘ 

X* ^ . X* — ox X* -r ox , g 6 


22. X- 


1-x 


Y — j — j 4g 4" ' 1 

1 4" X * X 4* g 


X — g ^ u — it h — a 

' g _i_ X _ 2(ax — X*) ^ X I y. 

'* g — x'^x — g g* — x® ’ (x — y)(x — z) (x— 


24 «* f__. ___ f ' -g 

' {a — b^ia — c) (b — (t\c—a)'{a~h\r.—d) (b — «)(a— «)’ 

1 1 1 

’ (a — i)(i + x) "^(x - oX" + ^) (® + 

„„ 1 X . x + 2 . 2 ^ a + b _2(a®+J’) 

i~2”?r4''';rr8’ «•+•&’ • 

„„ 2 _ x4-4 j_6x4'8, 1 a 4-^f j_ €Ca 4* ^ ^ 

?-* + ! ic» + l’a-8 a» + 3<« + 9 a“-27‘ 





fl-fj 2a a*^a^b 1 2h 

- f - •*“ sqrj *" S» 



on ^ ^ ^ ^ 1 1 4, «*+a^. 

* X — y » + y J? +y’’ o — ar*"a4-ar a* - a* — a?^ 

ai J ? 3L . _2 

ar— y ar-fy i* + y® ^ + y*’5 — ar 5 + aP 25+3** 

82 _5L + _3' . - % ■ 1 L 4._!f? 

** 8 + 4i^8-fc 9 + ld?’8-n* 8 + 0 * 9+o*' 

DO ^ + l_^ + 2_ 3 . 1 _ 1 ^ « 

a:-2’~ar- 1 i*-i’ i-4a 4 + 4a‘^2 + 1 +3** 

QA 3y ^ 5y^ . 1 ^ JL 6 

* a; + 3y a^ + 2y a:* — Oy* ’ ay — 3 ay + 3 j*y^ + 3’ 

flK + % « Sx-Sy V ^ 

‘ j:« + xy+y* ? - a;y + y* ^ ?T3/+7‘ 

2 8 4 
(o+l)(o + 2) ■'' (o + 2X« + 8) ^ (a + 8Xa + iy 

be , oc ^ (d> • 

®*- (a - 6X« - «) (* - (T-oXc-J)- 

88. — '■ + + (ft-cXc-aXa-ft) 

a b c abc 

SQ (“ -°)*~ 4. (J> - r5' + ( c-bf-cf 

„5 _ (6+‘c)« ^ i* - (c + oX ^ - (a + 6X' 

,„ 1 , 1 _L 1 , 1_ ._ 1 

*”• 16(1 + *) “^ 16(i - ^ 8(1 +**) 4(1 + *•) "^ 


• Multiplication and Division. 

68. 1* MiTLTiPLv Fiuctions together. — Multiply together 
their numeratora fbr the numerator of the product, and their 
denominators for its denominator. 

I is the fourth part of 8 (60. 1) ; that is, J is 4 times less than 
3. Therefore, if a quantity be multiplied by j, the product will 
be 4 Ij^imes less than if it were multiplied by 3. 

f X f is 4 times less than { x 3. But | x 3 =£ { I 



STANBAED AteSBRAi 


eft 


Similaily, ^ is the (fth part of c ; that is, ^ is if times less than e ; 

/. j X - is rf times less tbim | x c. But ? x c 3= y j 
^ a c ^ac , m ^ fl X c 

•• 6 ^ 3" 6 W’ ^^b^d^bx<f 


2 . To Divibb onb Fkaowoh by ufOTUBB.— Invert the 
divisor, and it becomes a multiplier. 

Since the greater the divisor is, the Im is the quotient; and the 
less the divisor^ the greater the quotient. Therefore, 

I - 7 * i is 4 times greater than } ^ 3. But f -i- 8 as 
i *!" i = A X 4 =5 ^ ; so that, 4 -f- } = | X J. 


Similarly, j -r ^ is rf times greater than j -i- c. But j -r c = 


*' 5 


a c a ad ^ a c a ^d 

+ n= r“Xrf = ^;so that r -r % = t X 
d be 6c' b d b e 


Examples. 

2a e& _ 2a X Bh _ 12ab 1 
86 ^ 8a “ 36 X 8a 24a6 ■" 2‘ 

2a ^ Bb 2a Sa _ 2a . Ba __ 16a?* _ 8a* 
'^■86'*'8a“8i^66“ 86. 66 “ 186* ~ W 
g*-^ ah a6H-6* _ a(a — 6) X 6(a + 6) ^ 6 

’ a* + a6 o* — 6* a(a -h 6) X (o -f- 6)(a — 6) ~ a + 6* 

4. + ^ + y* _ 4- y) X y{x f y)(x - y) _ a: + y 

* a^y - ary* * x*y - y» ay(ar — y) X y*Car + y) y» ‘ 

5. X ^ = 1^2) X X = 1. 

' ** **+* 1 I* (x*— 1) 

^+ix+3 **+2*-8 _ («+8X*+l) . (*+4Xa— 3) _ , 

Jt»+Bx+4 '** + *- 6 “ (*+4Xi+l) . (®+3Xx-2) “ 


2x 


Exbboise XXXIV 
6a:* 3a6 

7^ 8^ 


Bxy, 


9*y. 


FRAOTIONa 




??-s.£ 2 8c^</ 4a^c gflc^ 

• 4a'^8ar’ 6ccP * 4a6» » 66? 10^* 

fl q — & (q ■!■ ^)* . JCjf y a?* — y* c?^ah ab 

* 0 + 6 jc* "** (aj—y)** a6 + 6** o6 « 6** 

A SLZil!. q* -f q*^ . qM"^®. a? 4 ;ai^ 1 — a? 

a;*— y* * a; + y * ’ 06—6’** 1— a^'scTa? 

ae®— af ac — as* ^ as* + ar an + 1 c^ ah' c?h^^h^ 
ai^+aj'^ac+a:!* ’ — l^x — ai*’ o* + 2 o 6 + 6 ^ ’ o*— 206 +6** 

^ at;^— 2 ag+l o^»" ca; oac + ae® a*— a^ 

l+2a:+a;* ' a?-\r ^ ^ x ’ ax * o*+oa^ 

ar— 2 a; 3 a^-**fte a? Sx a? — 16 a; , 2 a? -^Sx 

a?+Sc ^ 2a3*+ 6a; ’ 8a;^ — 12a; ‘ 2ai® — 18 * ftc + 9 ^ 


8a; — a;* 86 — 4a ;^ 6 +2a; a^+6a+6 + 9a5 + 20 

2 + 2 a 5 ^ 8 — 8£c* ’ y— aiy * a;‘*+ 6a;+ 8 * + 9a; + 18’ 

o gy ag* — a;^ , 3(^ — 4 ac^+Sa; — 10 

a:* — a; ay — y ' ag^+y* ’ a;*— ag— 12 ^ arf+ 8a; +15* 

o® — 6® a® — <(6 + 6® ^ o* — a;® o®+ oac -^z* 

o® + 6* * a* — 2a6+ 6® ’ o — a; *a®+aa; + a;* ‘ oa;— a:®’ 

, . a;* — y® a® + ay + y® aj*y + ay® / , a;*\/ a® 

a^ — 3a + 2 a;*+ 2a:®+ 1 a* — 1 Z® __ qa; 

' ag* — 8a* — 4 * a;®— a + 1 ‘»® + a* \a o/ « + »* 

to ,a?+8a + 16 a®— 2a+4 a®— 4 /o . /^ 

>+7'a+l2“^a?*+a-6“‘^a;» + 8' U o/"\6"*"a/ 

# 

11 ^ 6 — 0 o— g , a— o . a+y y— a ai’^ + y* 

a — 6 * 0?* — 6* * o*— a+o * y ’ » * a* — y< 


iR y + ^ . ® + y ir®.. 
a* — y * y — a’a;^ — y** 







_3L 

*-«■ 
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6TAKDABO iU>aSBBJL 


FRAcnoirAL SIMPLE sax^ATicm 

69 . (a) Bulb. — Clear the equation of fractions by multiplying 
every term by the L.C.M. of IhMr . denominators, and apply the 
rule already given in sect. 49 (a). 


. „ , 2x X a; , - 

1. Solve-j— j = g+8. 


Multiplying by 12, the L.C.D., 
24 j: 12a; 12x 

"8 — 

that is, 8x — 3x = 2x + 86 
Transposing, 8x — 8x — 2x s= 86 
Collecting, 8x = 36 

Dividing by 8, x = 12 


Solve X — 


X + 5 ^ — 4 

'9 ■ 

Multiplying by 18, the L.C.D., 
18(x 4- 6) 18(7x - 4) 

6 a” 


18x- : 


18x 8(x + 5) - 2(7x - 4) 

.% 18x — 8x — lo = 14x -* 8 
/. 18x-8x- 14x=: -8 4- IS 
X = 7 


JSf'ote h—We may shorten the working of examples like the 
above by ineiitslly multiplying each niirtierator by the quotieni; 
obtained by dividing the L.C.D. by its denominator. 

^ote 2 , — Keep the numerator in a bracket after removing 
the denominator, as in 2, especiidly if the fraction be negative. 


Solve 

3x — 5 8x — 1 _ 2x — 6 
6 '"7x-ri“ 4 

3x — 6 2r — 5 3x — 1 
6 ' “ 4 “ 7x- 1 

2(3x - 5) - 3(2x - 6) 8x^1 
12 ““7x-l 

5 __ Sx - 1 
12"’7:j-l 

6(7x 1) = 12(8x - 1) 

whence x = 7 


4. Solve 

® ^ ^ ^ ^ x~> 6 

X — 4”x — 3““ X — 7 "* X — 6 
X* — 6x 4- 9 — (x* — 6x 4- 8) 
(^-4Xx- 3) 
a:*-12x4-36-(x*-12xH-35) 
(x-7)(^--6) 

1 1 

(i:-4Xx-^s) (jr-rxx-e) 

X* - 18x4-42 = 7x4- 12 

whence x = 6 


^Toie is often easier to clear an equation of fractions 

gradually. In 8, we began by bringing the two tractions liaving 
simple denominators to the same side, and then reducing them 
to a simple fraction, in 4, by reducing the fractions on the 
left-hand side to a single fraction, and then those on the right- 
hand side to another. 

Note 4. — If the ooefficlents are decimals, express them as vulgar 
frictions, aud proceed as before^ 
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5* Solve 

^ -yfir - i-fi = -i* + 3-6 
7Bx 15 _ 8*’ 35 
100 ~ 10 “ 9 + 10 
Sx 5 — ^ j ^ 

T”"2*“3‘*^2 
9ar — IS = ix 42 
9.r - 43; = 42 4- 18 
whence 3 ; =: 12 


6. Solve 


- - , *763?— 2*5 ^ 

1-6 + — 15- =-2* 

15 , 7&C ■> 260 ix 

10 + loW “10 

8 $3? — 10 X 

2‘*‘ 40 “5 

60 4-8x-10 = 8r 
8* - 8» = - 60 + 10 
whence 10 


^ o , e 2ab — 46' X 
7. Solve 7 = ~ 2 — f*- + ~r-i 


m . XX 2ah — 46® 

Transposing, = -^rrir 

Multiplying by L.O.D., (a -f h)x — (« — 6)aj = 2a6 — 4/>* 
Collecting cuefflcientay (o *+• 6— a 4 = 26(u — 26) 

26»=:26(n-26) 

Dividing by 26, x g; ct — 26 


Exercibe XXXV. (A). 

, a; „ Sar . 5-® o, 8®-6 . „ 9 Sar 3 • 

2'-®’ T“®’ 4 “®^’ 10 5 )=j; 8 “4- 

^ 73 : 216 — 83 : 103:43 43:45 a: x_„ x 

y W * 7 “ 3 »3 4"* ’8"^ 5’ 

R 7 - 0 . 24 -~-?- 2 - £-? 4 .?- 4 .f_f- 2 -?. 

6 + 8"'"“^’ ^+U’'6 2 4 “"^ S’ 

. 23 ; 3-44 83 : -3 , ^ no 

4. y~"7- = "6 ”-ir"i5~^‘ 

r-l2-6 = ^^' 2 + 5 = ^'-®' T + "-* + ^- 

a: — 3 • a: 3 : a; — 4 . ^ j _ 91 

®- —"®*2-”» 3-“=” -12' *+y-T+io-^*- 

to o_6a!_2,. ^_o._8f . 54. ? . 

7. y-9--g--2i, j(j ‘*»-8+®»»4+6 9^6‘ 

8. X-9 g j,3» g 5 ». 

2ar 7a; « 1 _ ^ _ I? 1? — d _ _l ?2 

4 ’ 9 12"24“ 6 + 8'« 
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STANDARD ALGRBRA . 


10 . 

11 . 

12 . 

13. 

U. 

16. 

16. 

17. 

18. 
19. 

21 . 

21 . 

22 . 

23. 

2i. 

26. 

26. 

27. 

28. 
29. 


i(8T + 6) + i(8 + 6ar)=*16; K6ar + 8) - 4 « *(7^? + 4> 
K*+B)-K*- 2)= K*+8); 1(2* + *).- 4(6* +e)=ar-2J 

2 ‘3 H 3 4 * 

_J 8 

Sa;— 6 “"6aj 
6 ar 


8 4a: Bat a?— O a:— 10 ar+l 4 

Us ’ 6 ai + 9 "' 5 a :-. 7 » x x ": i 6 » 

2x + l. 2a;>t-5_4 x-f 5 . 3 

“■ x + 3 ’ 8 x + i ~ 6 x + l * x - l *^ 

2x 


3x *f 4 X + 3 
X x *+ 2 x 1 


x + l - a :»- l * 


4"'4x+3 4’x--3 


x-8 , 3 , x(x— 8) 


1 O i 


X — 5 


3 

2:r-r,‘^12 3(x^8)’ 2(A~8) 3(x-2) “ (:r-.2)('x~3y 

X— 2'^.r4-2~ * ^ X— 1 *” x+l ’ x— 1 x—S^” x-f7* 


"tf §f ~ 4 ^ 4x~» 5 ^ 3x-t-.5 
3 ^x + S”" 4 * 6 


3x4-2 4x — 7 


2 Cx « l ) 8 


a: + e ,2-8x_8-2x. 6x4-4,7x4.1_6x-3 
2i'+8"’"“l6 10 ’l-Ox*^ 7^“”T“* 

I (8* -i- 1« - 1 (*- 2i) + 1 (2* - 8J) = 18*. 

4 [x — ■" 1)}3 + 8 = + 7) + 5, 

i [x - }{2x 4- - 1)}] - + 6) = 4 (x - 9) -3. 

1 L-=_?.- ^ X- 1 _i _ 1 

x — 3 X — 6 x-6’~x*-7* X— 1 x- 2“’x— 4 x — 6* 

X— 7 X— 6 X— 4 X — 8 X— 1 x — 8 x—2 x— 4 

X— 8”x— 7'“x— 6 X — 4^x— 2 x — 4“x— 8 x— 5’ 

•76x 4- 8 = I’Sx - 3 ; -Ax + 2-5 = l‘26x - 3. 

3(x+6) - 6x = 2*76x + 1 1'6 ; 3 4- ’76x = 2'376x - 23. 
2-95x - 1*126 = -ex + 4*75 ; ‘Ux 4- 3*2 = 8*16x - 11*86. 


•lx — *6 


^ _10 = f5-±i-l5; 


2*6 


6x H- 9*6 
2*6 


= 8 + *26x. 


•25x — 2 , *5 4" •I26x 1 — 1 - 2*3 — 'lx 

1*25” *6 ■' 7 -6 • 


l*9x + 2*6 
2*26 


4*76 + 2*26x _ - „ 11 Bx 

• 



FRAOTfOKAli fllMfliE EQUATlOlsm, 


W 


^ - 1 ^ flip . 16« 

- = A ; ~ = 6n; — « --; 5(ar — m ) = -r-* 
€f 4«» * a c ^ ^ 4 


XX 1 ‘ . mx , cue X - XX 

._i=j_-. 


01. 

• 

32. 

33. 
84. 

35. 

36. 
87. 
38. 


40. 2a<l + 2c) + 


a b 

4.9 a; ar->*>a x — 0^ ' 

x+a (x + + 6/ 

_ (Ar-g)". 1 1 _ i I 

2 ^ — i * a‘-t'2a . a;*f 4o"“ ar-f 8a r-f-lOa 


a: — a 

x^h 

047— — 1__ 

a 

+ ~b- = «-2; 

ac ab "" 

X'-’P 

.x—gx—r 

x~(p + q + r) 

a 


^ jp$r 

x^a 

a 

X — b x — e 
+ ■ "j + ~7~ 

a(b -f- c)x 
abe * 


be * 


OC-f-C 




PROBI^EMS IlESITBTINO IN FRACTIONAL EQUATIONS. 


Examples, with Notes, 

69. (b) 1 . A gave one-half of his money to B, and one-third 
of it to C; B received £12, 10s. more than C. How much 
money had A ? 

Let X = amount of money A bad, 

X 

then ~ = w n If ii received, 

2 

and 5 = » w * C tf 

O 

^ X x 

12^, whence x = £75. 

^ O 

A^o/c 1.— If a piece of work he done in x days, hours, &c., the 

• 1 

part of it done in one day, hour, &c,, is — Or, generally, 

X 

5= Kate ; = Time ; Time x Rate = Work. 

Time ’ Rate 

This applies to walking distances, filling cisterns, &c. ^ 
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SB 

2. A can reap a field in 10 daya, B in 15 dAya. How long 
will they take to reap it if they work together ? 

1 

Let X =s No. of days both tahe : then - « part both do in 1 day ; 

X 

but 3 ^ == part A does in 1 diy ; = part B does in I day ; 

A 4- A = ISO; 3*=?: 6. 

Note 2.— (1} Tlve minute-hand of a clock travels 12 times as fast 
as the hour-hand ; (2) When the hour strikes, the minute-hand 
is always, except at 13 o'clock, 6, 10, 15, &c. minutes before the 
hour-hand. 

8. When are the hands of a watch together between 4 and 5 ? 

Let X = No. of minutes travelled by short hand since 4 o'clock. 

Then 12a: = i* » long hand » » 

Also ar 4* 20 = » » long hand » " 

for it has travelled the short hand's distance and 20 min. more ; 

nx^x^ 20; .% 11a: = 20 ; x = 1 A, x 4* 20 = 21 A ; 
that is, the hands are together at 21x\ minutes past 4. 

4. When are the hands of a watch at right angles between 4 
and 5 ? ('J'hat is, when is the long hand 1 5 minutes behind or 
iB minutes before the short one between 4 and 5 ?) 

Let X = No. of rain, travelled by short hand since 4 o’clock. 

I’hen 12x = h m long hand « w 

Also X4-20 — ]5r= If If long liand « if behind. 

Or a? 4* 20 4- 15 = If •* long hand n if before. 

A 12a: = X 4- 20 - 15 ; a: = x 4- 20 - 15 = S jV 

Or 12a: = a: -f- 20 + 15; x = 3A» x + 20 -f 15 = 38 A ; 
that is, they are at right angles ut Bfx, or 38 A minutes past 4. 

Note 3. — It is often better to make x stand, not for the un- 
known qiiiiiitity, but for some other quantity from which it may 
be etisily deduced. 

5. Edinburgh is 20} miles from North Berwick ; A sets out 
from Edinburgh, at the rate of 5 miles in 2 hours, at the same 
time as B sets dut from North Berwick, at the rate of 21 miles 
in 8 hours. Where will they meet ? 

^.et X s= No. of hrs. A and B must travel before they meet.. 
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A walks f miles^ and B V bour respectively. 

/* A and B approadi by (j V) in one hour; 

» n (f\4*V)^ ” a? hours, 

But A and B meet, or wslk Wi miles, in x hours; 

=: 20J, whence a? = 4 hours. 

a o 

XU tour hours, A walk» § x 4 ss 10 miles ; 

A and B meet 10 miles £rom Kdinbusgh. 

Exbecisb XXXV. (B). 

1 . Find (1) the number whose half is 10 more than its seventh; 
(2) the number whose third and fourth parts added together 
make 21 ; (3) the number whose fifth, sixth, and tenth parts 
together taken from 28 leave no remainder. 

2. Divide j£ 38 between A and B, so that three-fourths of A*s 
share shall equal five-sixths of B's (2) £60 between A and B, 
so that two-tliirds of A’s share shall exceed three-fifths of B’s by 
£ 8 . • . 

3. Find the number whose third, fourth, and sixth parts 
together exceed five-ninths of itself by 7. 

4. A basket weighs 3 lbs. A fish in it weighs 7 lbs. and half 
its own weight. Find the weight of the whole. 

5. A wins from B half as many marbles as he already has ; 
from C, two-thirds of the number he wins from B, and 2 from D. 
He then has twice as many as at first. How many has he now f 

6. How old was a lad who said : ‘When I am 0 years older, 
I shall be half as old as my father, who is 3 times as old as 1 ? * 

7. Divide £1360 among three persons, so that the first may 
have twe-thirds of the second’s share, and the second three* 
fourths of the third’s share. 

8. Find two numbers whose sum is 86, and of which the 
greater divided by the less gives 4 as a quotient and 6 over. 

9. Divide £100 between A and B, giving B the greater, so 
that half of A’s share added to two- thirds of B’s shall be 3 
times as much as the difference between their shares. 

10. One pipe can fill a cistern in 9 hours, anotlier in 12,»and 
a third in 18. In what time will all together fill it ? 
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11. A pipe fills a bath in 45 minutes; another empties it In 
an bour. If both are open, in what time will it be filled ? 

12. A can build a wall in 10 dajrs ; B, in 15 days; A, B, and 
C together, in 4 days. In what time could C alone do it ? 

13. A works twice as fast at B, and B thrice as fast as C. 
Together they dig a well in 5 days. In what time could A do 
it? 

14. A bought eggs at 5d. a dozen, and lost Is. by selling 
equal quantities of them at 8 a penny and 4 a penny. How 
many had he ? 

15. When are the hands of a watch together (1) between 1 
and 2 ; (2) between 3 and 4 ; (3) between 6 and 7 ; (4) between 
8 and 9 ? 

16. When are the hands of a watch (1) at right angles 
between 5 and 6; (2) opposite each other between 4 and 6; (3^ 
20 minutes apart between 7 and 8 ; (4) 6 minutes apart be- 
tween 2 and 3 ? 

17. A person saves one-fourth of his income. If his income 
were half as much more, and he spent i:20 more, what he saved 
would then he half what he spent. Find his income at present. 

18. A has 8s. for every 2s. B has ; A gives B 14s., and now B 
has 6s. for every 4s. A has. How much has each now ? 

19. Half a gallon more than lialf the number of gallons in a 
cask are sold, and then half a gallon more than half the re- 
mainder ; and then it is empty. How many gallons were in it ? 

20. Ilivide 36 into 4 parts, so that the first plus 2, the second 
minus 2, twice the third, and half the fourth may all he equal. 

21. Find two consecutive even numbers, such that three- 
sevenths of the greater exceeds one-fourth of the less by 1 8. 

22. A, B, and C have a certain sum between them. A* and B 
together have of the whole; A and C, and B and C, .£90. 
How much money has each ? 

28. An estate consists of three-fifths arable land, one-fifth 
pasture, one-tenth moorland, and 120 acres of woodland. Find 
the extent of the estate. 

24. Divide £10, 15s. among 8 men, 10 women, and 12 boys, so 
that each woman - may get three-fourths of a man's share, and 
esjch hoy half a man’s share. 

25. If 20 oxen and 100 sheep cost £475, and each sheep cost 
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5b. kjsfl than one-fifth of the price of an ox, \^hat ie the price of 
an ox and of a sheep ? 

26. A number consists of two digits, the right digit bein^ 
half the left* If 36 be dcdubbd from the numbeTi the digits are 
reversed. Find the number. 

27. A number consists of two digits, the right digit being 
three times the left. If 54 ha. added to the number, the digits 
are reversed. Find the number. 

28. The successful candidate at an election had a niajoritj of 
867 votes ; but if 20 per cent, of his supporters had voted for his 
opponent, lie would have been in a minority of 41 1, How many 
voted for each candidate ? 

29. Tlie united population of two burghs is 19,052 ; £ of the 
population of one burgh equals f of the population of the other. 
Find the population of each. 

30. After paying away half of the money in his purse, then 
one-third of the remainder, and then ihree-fourths of what still 
remained, a man had 28. 6d. left. Ht)w much money had he in 
his purse at first ? 

31. A and B together can do a piece of work in 6 days, B and 
C in 8| days, and A and C in 61 days. In how many days 
would each do it separately ? 

32. A person has one-fourth of his money invested at 8 per 
cent., one-half at 3^ per cent., and the remainder at 4 per cent. 
His annual income from interest is £350. Find the amount of 
each investment. 

.‘13. A father is a years old, and is 2| times as old as his son ; 
in how many years will he be twice as old ? 

34. ^ man walks 30 miles in 10 hours. For 8 hours he walks 
a miles an hour, and for 2 hours b miles an hour. Find his 
average rate per hour during the remainder of the journey. 

Simultaneous Simple Equations. 

70. Equations are called SimnltaneouH when each unknown 
quantity in one of them has the same value that it has in the 
others. 

If an equation contain more than one unknown quantity, 
must, in order to solve it, have it expressed in as many dil^rent 
forms as it has unknown quantities. 
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71. To Solve Equations ooktaikxsh Two Umkeow^" 
Quantities. — There are several methods: (1.) MimimUonf 
iSubstituHon^ (ii) Coiiyftaruon t the ohject aim^ at in each heing 
to reduce the two equations to A ahigle one cootaming only one 
unknown quantity. The first method is generally the simplest 

X 3y Elimination.— ISttLK. (1) Multiply one or both equations, 
it necessary) by such numbers as will make the coefficients of 
one of the unknown quantities in each equal { (2) add the result** 
ing equations if the equal coefficients have d^erent signs, or 
subtract the one from the other if they liave the same sign, and 
the result will be an equation containing only one unknown 
quantity ; (3.) find the value of this quantity ; (4.) put its value 
in place of itself in either of the original equations, and thus 
find the value of the other quantity. 

Exanipke. 

1. Find X and y when (1) 3x-f7y = 58, and (2) 6x + 5y=6l. 

Multiplying (1) by 2, 6a; +14y= 106 ) subtracting, 

but (2), 6 jp 4- 5y= 61 j 9y = 46, y =s 5, 

Hut 8a; 4- 7y = 63, .% 8a; 4“ 65 — 58, 8a; s 18, a: = 6. 

2. Find x and y when (1) 5a:— 4y = 43, and (2) 7y4-35 = 3af. 

Mult. (1) by 8, 15x— 12y= 129 adding, 

(2) by 6, -16a:+35y=-175 / 28y=-46, .•.ys=-2. 

But 5a: — 4y = 48, .% 6a; 4- 6 = ^6, Cyx = 35, a; — 7. 

II. By Find the value of x in terms of y from 

one of the equations, and substitute this value for x in the other. 

Find X and y,when (1) a: — Sy — 4, (2) 3a; — 4y = 22. 

From (1), X — 4 4- 3y ; from (2), 8C44-8y)— 4y = 22 ; 
that is, 12 4- 9y 4y = 22, y /. f3rom (1), x =;= 10. 

XU. By Comparison, — Find the value of x in terms of y from 
each equation, and then equate these values of x. 

Find X and y when (1) 2x — 8y = 2, (2) 3x 4- 4y = 20. 
PromO), J= from (2), ar = 25-=^ ; 

6 + 9jf = 40 = 8y; whencey=2, * = 4. 
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toaBBqiCT XXX Vt 

*l.*4ya 8 

14. r*~ y*sa 

X -^y m 9* 

18ft 4 1% «s 73. 6 

2. x4y «« 13 

97 ^- |»27. 

5. 

15x4 8ysl99. 

a 6x48y=7! 

16. 24x — 17y as 60 ^7* 42^6 


5x-f 3 ^s:36. 

4. 8x -f. 5^ s 49 
8x ^ rs 14. 

6, 7x^e^m97 
By + 7XSZ 79. 

6. 6* 4- % = 42 
3a:42y = la 

7. Sx 4 4y =5 72 
3jr 4 2y = 31, 

a 2a? 4 7y = 46 
So: 4 3y 3= 47. 

9.* 4a? 4 7y == 40 
6a: 4 6y = 39. 

10. 6x4 lly = 21 
9x4 7y= 8. 

11. 16x 4 17y = 42 
34x 4 19y = 60. 

12. 4x 4 = 66 

6x - 7y = 26. 

18. 18x 4 % = 37 
17x - 9y =; 82. 


86x Sly s: 24. 

17. 27x 8y qs 24 
26x 4 4^ x= 90. 

18. 8x - 7y = 8 

(}y — 6x = 10. 

19. 8x 4 6y 38 18 
9y^4xss: 97. 

20. 4x -<• % a: 22 
7y - 8x 2 s -- 28. 

21. 6j^ - 7x s= 16 
8x — 7y = — 2. 

22. 7y-18x=40 
86x 4 9y =s 12. 

28. 3y 4 IS-x = 0 
8 — 8x = ^. 

24.|+f = e 

l+l = «. 




=^=10+ 

S9. 2»+^^4^= I 


26 - 3 +y = io 
x + | = 10. 

^4.*=: 1 ®4.i. 

i'^y SS" ®'^2y‘ 


BO,~+3f»J9 

7*_Sf^s=89. 

5 

81. f +ett|+4 

J^4-2» = 21. 

«2.^ + ^ = » 

13y-8x=:ia 

a8.!4? = 4 
X y 

l4?-4, 

* 
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7SL To SoLVJB: E^^OATlOlfB ooktaikiko Thbbb Ukkuowb 
Q{ rAKTiTiES.>-(lJ From any two of the eqoatioiu find one con- 
tfidning only two unknown quantities, as in sect. 71 ; (9) firom 
the third and dther of the former two find another cOntolniiig 
the same two unknown quantities ; (8) firom the two equations 
thus found, find one containing only one unknown quantity. 

Example. 


Mnd the values of y, and z, when 
(l)3a?-2y-i-4a=:23; (2) 2ar-f-y-.6a:s4 ; ($) 6a;-8y+2«=26. 


Multiplying 

(Dby 2. 

6x 4y 4" 8^ ^ 

46 1 

1 subtr^ng, 

(2)1)7 8. 

fia: 4- 8y * 15a s= 

12 J 

1 — 7y4‘28a— 84 •*« |[4} 

(2) by 6, 

lOar 4- 6y — 26a = 

20 ] 

.% subtracting, 

(8) by a, 

lOar — 6y + 4a = 

sa j 

1 lly-29a=5-32 ... (6) 

(4) by 11, 

- 77y + 263a = 

874 1 

1 .% adding, 

(6) by r, 

77y - 203a =s — 

224 J 

1 60a s= 160; a =s 8. 

From (6), 

1 

00 

II 

-8J 

J, .*.y = 6j 

from (1), 

8x - 10 4- 12 = 

28, 

X 5= 7. ' 


Exebcise XXXYII. 

L 2r 4*6^ + = 66, ar+ 2y -f- 3a:= 26, 8ar 4-7y 82. 

2. 3i + 4y -I- 2« 5= 17, 2ar-f-y — * = 5, 4x — 8y + 2*=18. 

8, 4a: — 8y H- 2a = 10, 5ap — 4y -f a = 10, 2a: -f y « 8a = 11. 

4. 3a: 4 2y — 6a = 1, 6a: 4* By — 6a = 16, 4a: — y — a = 19. 

6. fir — 4y — a = 0, 8r — 7y + 4a = 8, 6ar — 3y 4- 2a = 30. 

6. 3r + 4y 4- 8* = 81, 7ar — 9y 4-4a = — 6, x 4y 4 a = 16. 

7. Sa: 4- 4y = 26, 2y - a = 0, r - 8y 4- 2a = 8, 

|+y-i = ’^> * + ! + * = 26- 

Problems resulting in Simultaneous Equations. 
Example with Notes, 

Note 1.— A number of two fiirures may be represented thus, 
lOr 4 y ; if the figures he reven^eci, thus, lOy + x ; one of tiliree 
& 
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tliBH, 100« 4- IQy 4- *• Fot in to flr«t pUm 

Tneant «o many ujiiti; one in to second plaoe^ so tens; 
tend one in the third place, so many hnndreds. 

1* The sum of to two "figorea of a number is 7 ; if 9 be added 
to the number, the figures are teyersed* ^iad to number. 

Let X sa figure in tens* place, - figure in units" place. 

Then 10a: + y = the number, lOy 4* a: = to number with 
figures reversed ; 

A J0a:4y + 9= lOy -far; ;v 9ar - 9y = - .,i8xssfi4. 

and a: -f y =7 ; 9a: -f 9y “ 08 J ^ 

Whence a: = 3, y = 4, and the number is 84. 

Or, let X = figure in tens* place ) as if it were an equation 

> containing one unknown 
7 — a: =s • units* tf J quantity. 

Then 10a: + (7— a:)-f 9=10(7— a:) -f x ; whence x = 3, 7— x= 4. 

Note 2. — A fraction may be represented thus, 

y 

2. What fraction becomes 1, if 1 be added to its numerator, 
and I if 6 be added to its denominator ? 

Let - = the fraction ; then — i and — ^ = i ; 

y y ’ y -f 6 2 * 

X— ?/= — !, 2x— y=6; hence x=7, y=8, and the fraction is 


Exercise XXXVIIL 

1. Find (1) two numbers whose sum is 80, and whose difference 
is ; (2) two numbers whose sum is 40, and of which twice the 
greater equals thrice the less ; (8) two numbers whose sum is 54, 
and of which the one has to the other the ratio of 4 to 6. 

2. Three cows and 6 horses cost £166 ; four cows and three 
horses cost £126. Find the price of a cow and gf a horse. 

3. Six men and 9 boys earn £5, Bs. in 4 days ; and 4 men and 
10 boys earn £8, 10s. in 3 days. Find to daily wage of each. 

4. Six years ago A was 3 times as old as B, and 6 years hence 
A will bo twice as old as B. Find their ages. 

5. Tlie ages of two persons are in the ratio of 4 to 5, but 8 
years ago they were in the ratio of 8 to 4. Find their ages. 

6. Find two numbers whose sum is 20, and of which twice the 
less is to thrioe to greater as the square of to less to to square 
of to greater. 
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f. If A giv« B £5f B will hare thito m oMieh «a A. If B gita 
A£$fA win hava twice ns mmk as B. How mudi has each ? 

8. How moch tea at 3a 4d. and 3#. 9d. per ih. respectively 
imist 1 mix together, so aato ha?e 80 Ihs. worth Ss. 6dL eadi? 

9* £1200 is invested partly ait 3 per cent, and partly at 4 par 
cent ; luid the whole interest receiv^ for it is £83. How mudi 
is invested each way ? 

^ . Principal x Rate per cent x Time 

Inumt ^ . 

10. A sum of money put out at simple interest, amounts to 
£8000 in 4 years, and to £8260 in 6 years* Find the sum and 
the rate per cent. 

11. The sum of the two figures of a number is 8; if 18 be 
taken from the number, the figures are reversed. Find the number. 

12. A number has two figures, the greater in the units’ place. 
The sum of the figures is 6 ; and if the number be divide by 
their difference, the result is 12. Find the number. 

13. Find a firaction which becomes j if 1 be added to its nume* 
rator, and | if 1 be added to its denominator. 

14. What fraction becomes 4 when 4 is added to both its 
numerator and denominator, and | when 2 is taken from both ? 

15. A can buy a horse worth £83, if B give him ^ of his money ; 
B can buy it if A give him I of his. How much has each ? 

16. A person spends 4s. altogether on apples at 4 a penny, and 
pears at 8 a penny. He sells half the apples and a third of the 
pears at the same rate for 19d. How many of each did he buy ? 

17. Twelve horses and 5 cows cost a certain sum; 3 horses 
and 10 cows cost half of it. How many horses alone, or cows 
alone, could be bought for it ? 

18. A train runs from A to B in a certain time ; if it ran 4 
miles ail hour faster, it would take an hour less ; if as much 
slower, it would take 84 min. more. How far is it from A to B ? 

19. A and B together reap a field in 2 days, and A w^orks 
twice as fast as B. In what time coidd either do it alone ? * 

20. A and B have together to pay a debt of £30. A could 
pay it if B would give him | of his money, and B could if A 
would give him f of his. How much has each ? 

21. When apples are selling at 3 for 2d., and oranges at 2 for 
3d., a woman buys a ceitain number of each for 6s. lOd. Had 
she bought twice as many a^les and half as many oranges, she 
would have paid lid, less. How many of each did she buy ? 



i\r^;Af.<-Exarciies XI. -XX. eoiitdn questions for rei^t Of Fnrts I; and 1I.« 
and will supply useful dnU fee pupils pr^ring for the junior oertihcale in 
mathematics at the University p)cal Examtnattons. 


1. Find the G.C.M. and the L.C.M. of 

or* — 1 and 2a:* — x 4- 2. 

2x^ ^ 5x 4“ 2 

3, Ueduce to its lowest terms ^ ^ 4 r -ITTe* 

4, Solve (1) - 1) + A(3af + S) = M7af - 17> 

(2) •26X + 3-6 = •326a:- 1. 

5, A purse contains sovereigns and lialf-crowns to the value of 

£12, 10s. The half-crowns number twice as many as the 
sovereigns. How many are there of each ? 


1. Find the G.C.M. of 
a:* - 2.T* -f Bx 

<i 


n. 

6 and a:* — a:* — a:* — 2a:. 

3a 2ax a:* + a* 


x + o’ + ar o»-x»’ ^^^x‘ + oV + a'’ 


2. Simplify (1)^ 

3. Simplify(l+^)(l-0-^J^Jp• 

4. Solve (1) - -i) + - IX^ - 2) = a:® - 2.r - 4. 

• (2) 6a: 4- = 34 s= 6ar — 2y. • 

6. The difference of the squares of two consecutive even 
numbers is 60. Find the numbers. 


III. 

n n j. -j. 1 A. j. a* 4- 3o® 4' 11<* 4- 6 

1. Eeduceto its lowest terma — — • 

a" -1- 5«* 4" ^ 

„ ... a4-a:-6 a:* - 12x + 86 . , a:* 4* 12^ 4- 32 

2. Sunpl.fy^^-20 Z+lto+Tc ^ • 
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*• 5+S+f + “ S^l* 

4, Solve the equation^ * 

(2) (i + 6)« - 82 = (9* + 1)(| + l). 

5. Find a number such that its half increased by 9 is seven 

times its eighth part. 


IV. 


1. Find the G.O.M. and the L.C.M. of 

jj* -f 2 j:® — 7a?* — 8ar -f 12 and x® — 4 j:® — 7jp + IQ. 

2. Simplify 


8. Divide 


o* -f 2ax -f- x’ 




~ ~ 2qx 4- 

* 


4. Solve (1) 2*-8’^4:-2~8* + 2' 

(2) i(x + a) + J(e + 2a) + K* + So) = 16. 

6. A father’s age exceeds his son’s by 81 years, and is as 
much below 60 as his son’s is above 19. Find the age of 
each. 


V. 

1. Find (1) the G.C.M. of x- — 3x -b 2 and x* — Ox + 6. 

(2) the L.C.M. of x -f 1, x» -f 1, x* - 1, and x« - 1. 

« « j ... 1 . , m* 4- 3 ot* — 20 

2. Reduce to its lowest terms — ^ 2 — -- . 

‘ ra* — OT® — 12 

X -4- 1 X — 1 2x 

8. Simplify j ^ 

4. Solve (1) -6* - = ■2x + 8-9. 

(2) 2® + ry = 13 ; fiy - 6® = 88. 

5. The length of a floor exceeds the breadth by 4 feet ; if each 

were increased by a foot, the area would be increased 
i by 27 square fbet. Find its dimensions. 
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2 , Find the aC.M. wid the L-CM. of a:* +/ and 4?*-fa:»y»4.y<; 

3 . Find the »um of y 3~-7» ra — -■^. 

2a *f 6’ 2a — 6’ ^ — 4a® 

(2) (x — w)* ^ (op — n)* = wm(»i — «). 

5. Wlien A married he was one- third older than his wife, but 
in eight years he was only one -fourth older. What were 
their ages when they were married ? 


1 . FindtheG.CM. ofa*- 

C;m.si:A<r ^ a? + l 


23a + 10 and 6 a® - 23a® + 4. 
2(jp4-2) 

* 


3 . Divide by 

^ 2 xy(j-y.) 


4. Solve (1 ) (* - 1 X* + 2) + (* - 8Xi + 4) = 2(x - IX* + 1). 

(2)? + Ui = *_“ 

X y X y 

5. A has £15 more than B, and £25 more than C, and between 

them they have £125. How much has each? 


1 . Beduce to its lowest teims — " s ' a? ^ 24 ' 

2. Simplify 4 - — -- 

^ 4j ;*— 1 ^ 2 a?-l ar 

3. Find the product of 

a* - 5® a® - 495* ^ a® + 2a5 + J® 

o® - 8a7-f 75®’ 0 ^ + 5* ’ o* 4 - 8a5 4 - 7^»* 

I c 1 — 1 ^ 7 2 x 

4. Solve (1) -y- 4- -g 2 r± ^ - y. 

, . (x + SX^-flXa^-l) _ 1 
'^(x4 4)(a? 4 2 X* -- 8 )‘“‘‘‘ 


jJ ^ 2x* - 8x 16 


4. Solve a)^ + — -2sg-y. 
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5. If 8 Ibfl. of tea and 20 Ibe. of tagar to|:ether coat £1, 9s., and 
a 1b. of tea costs as mudi as 12 lbs. of sugar, find l^e 
price of a 1b. of each. * 

IX 

1. Find the G.C.M. of 

0^4- and 0*4- &»+ 0*4- flat 4- 2ac 4- 2 bc, 

2 . + 

S. Divide J+iby^-i + i. 

J 1 2a; — 2 2x4-1 

4 . Solve = 

(2)8x4* 6:9x4“2:t2!5. 

5. Divide 96 oranges between A, B, and C, so that B maj 

have twice as many as C, and A dve times as many. 


X, 

1, Find the G.C.M. and the L.C.M. of 

6a* 4- rt»/> - Ua6® - 66" and 6a" + na»6 - a6* - 66*. 

2 . Simplify 2ar(x 4-,^) 2r(x - y) - >* 

« /o+l a — /n4-l .«“1\ 

8. Simplrijr ^ (_ + — 

1111 


4. Solve (1) 
( 2 ) 


X— 1 X — 3 X — 2 X 
a:® - a* 


4' 

- 2(a 4. 6 4- c). 


x4-n x + 6 x + c 
5. There is a numlK?r such that the square of the next higher 
number exceeds the square of the next lower number by 
120. Find the number. 


XI. 

1. When a = 4, 6 apt S, c 5 = 2, find t1>e value of 


o — 6 — c 


6 — c — a 


c — o — 6 


(a — 6)(a - c) ^ (6 — cX^ — «) (^ — d)(c - 6)’ 

(X* 4* + 113^ 4- 4x 4> 8) 

(sc* .4- Jte + 2X«^ - 2) 


(??, Simplify 
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B. the O.C.M. of 

» Bft® -f 16»® — iBtt -h and iiJa* — -* B. 

114 

4. Find the sum of 7 — ; — ^ + - — — ^ -h rs — 

4- .y)* - y)* sir 

&. Solve (1) C* -f 4X:f + 2) H- (a? + 6)(:t + 3) -f t* + 2X^ + 1) 
= 244 + Sa:», 

(2) ia; -f Jy « 7 ; iVa: + - 1. 

6, A father ie 48 years of age, aud his son 22 years* In 
how many years will the sou’s age be hidf t^t of the 
father? 

XU. 

1. Multiply out {x — b-^eXx — — » 4* B)* 

fl-4-Bc . b^-hca . c®4-a4 ^ 

2* Show that . 1 \/ \4“ 7* \/» '^4*? \/ IN**** 

(o — 6)(o— c) (6 — c)(b — a) (c — <iX<^ B) 

8. lieduce to its lowest terms ^ 

4. Divide — --T -1 by - H , 

5. Solve (1) i(x -1- H) - 2 = i(2^ ^ 8}) - IJ. 

(2) ar(a!' — a) -f x:(x — 6) = 2(3; — o)(a: — b)» 

6. A number consists of two digits, tlie second being 8^ times 

the first, and if 45 be added to the number its digits are 
reversed; find the number. 


2. Show that 


1. IHvide (0 -f by — (c -f d)* -f (o -f c)* — (6 + d)* by a — d. 

2. Hesolve into factors : 

0*6* + 4a6 — 12 ; asi* — 2a; — 8 ; Sy* + ; o® + 2a5 -1- 6* — 9. 

o A ^ ..t 1 . 1 . 4»« — 6n 

a Add together — ; h h ' *. • 

w 4- w m — » »r — n* 

4. Simplify (i+i + i^(p+9 + '')P9»'-(/» + «X8+''X»‘+;>)- 
6.Solve(l)— + 

(2) i(® + 1) + i(y + 2) = 1 = K* + 1) + i(y + 2). 
8. A woman bought apples at 4 for 3d. She sold half of them 
at 8 for 2d. and half at a penny each^ thereby gaining 6d« 
in all. How many did she buy f * 
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XIV. 

]. Divkle ® -f / -i- 8 — by a? 4* ,V 4- 2, and verify the 
results when -r = 1), y c= — 1. 

2. liesolve into factors: 

— lla^x 4 30a*; — 64 ; 9a* — (26 4 0* 

3. Find the G.C.M. of x* 4 ^ 4 1 aad — 2x* — x 4 2, 

a a b b c c 

2“’3 3““4 4"~5 

4. Simplify — - ^ ^ 

2“^3 3“^4 4"^5 

r>. Solve (1) - i 


(2) (a 4 4 4 6® = («* - 6*>r 4 (<» 4 0®. 

6. E<linburgli and Glas^fow are 42 miles apart. A walks from 
ISdinburffh, at the rate of 10 miles in 3 hours, and B 
from Glasgow, at the rate of 7 miles in 2 hours. Whew 
and where will they meet? 


XV. 

1. Simplify 

(a* 4 3rt*6 4 3fl6* 4 6*X«*W- 2fl6 4 6*) - (o - 6)'* (a - 6)*. 

2. Divide 4m* -f -f- by — liwn 4 Jw'-'. 

3. Bechnje to their low'est terms : 

rf6 + ai» + 6-‘' 

1 4_ y4y 

(x — v)' x 

4. Simpli^f “4“^ 7^ 

5. Solve (1) (8 - 4*)« + (4 - 4'.)-’ = 2(6 + 4x)» 

(8) 12x + 20y = 44 ; + IS^r = 29. 

6. At what time between 8 and 4 o’clock is the minute-hand 

of a clock 20 minutes in advance of the hour-hand ? 

XVI. 

1. If a = 3, 6 = 2, c = 1, find the value of 

g — 6 6 — c c — g 

a// 6c ca 

2. Divide a* -r* a*6 4 2a*6* — 2o*6* 4 o6* — 6* by a* 4 6*. * 
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8. Simplify 


2a 


(x — 2a)® — &ax + 6a® a; — Ba* 


4 Multiply hr 

4, MlUtlpiy p'Z.y^^^s^oy . : 


%(«* *- y*) 2ay -h y®)* 

a?-hl0.,3 , ar — 

SoItoCDj ^ + 


2 


(2) oa: 4- 2A® = 2a® + dx, 

6. The sum of £B is paid with, half-sovereigns and half-crowns, 
and 19 coins are used ; how many of each coin f 

XVII. 

1. Find the value of (ar — y — «)* 4 - (y — a: — ?)• -f- (ar — a: — y)® 

when ,r ~ 2, y = 3, s = 6» 

2. Multiply 7j^ — 3a:* -f .t® — 6ar + 4 by a- + Sar -f 2, and 

divide the product by .r* -f 2r — a:® -f 4. 

3. Resolve x^ — 64y* ; 2p* — 6pg + 4g® ; — n* — 1 -|- 2«, 

♦. Simplify 2 + 2 - ^ g - 0. 

8 


B. Solre(l) — 




2 


24 3.r-24’ 


( 3 )-+? = oi 24.- = *. 

6. Divide the n amber 57 into two such parts that tlte sum of 
the quotients obtained by dividing one part by 3 and tl>e 
other by 6 may be equal to 16. 

XVIIL 

1. Divide x* -f (25* — a®)a^4- A* by a:* -f- aa: -f 5®, and verif}" 

the result when x = — 1, a = 1, 5 = 2. 

2, Find the G.C.M. of .T*-f 2x®— 3:c— 10 and x*-f 4x*— 5 t— 34. 

8. Simplify ^ 1 . I 


X® — 4x -f- 3 Q? 
n — x o® — X® a* 4- X* 


5x 4 - 6 X® 


-3x4- 2* 
a 4- iP 


4. Simplify Q 4 - X o* 4" ^ «*x® 4 * (a — x^* 

6. Solve (1) (6x 4 - 14X12x -f 9) = (9x 4- 16X8x 4 - 10). 

8*6 + 2*5y __ 


/o\ 4* 3*6 4- 2*6i/ 

(2) --- 4 .— -3, 


y + i 


= 4. 
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6 , A regiment arranged before battle vimted 11 men to form 
a complete square ; after battle, in which 100 men wqre 
lost, it formed a complete square 2 less in the side^ with 
9 men over. Find the original strength of the regiment. 

XIX. 

1 . If a: = 6 , ^ = — 6 , 2 = — 4, find the value of 

(1) 4a:* -I- 4 . 4 . H- 4 ar 2 4- 2yz. 

(2) 28ar ^ 7lx - 6{y -f 6(82 + 12) + 7} + 4]. 

2. IHvide a:* 4- J?* -h ar* + + 1 hy a:* — a:** + a:® — .r -h 1. 

8 . Find the G.C.M. of a:* 4 a?® -f I and ar* -f 2 ar* -|- 8 ar® 4 2ar 4- 1 » 

and the L.C.M. of (1 - 4a:®)® (1 -f 2 a:)», (1 - 2 z)». 

. t. A fl®-f 4/.®-^9c*\ ^ /rt 42 ^ 

4. Divide (1 + by (— - l). 

6 . S<dTe(l)21*-7[x-6{12x + 7(S*-12)-»} + 12]= 106. 

(2)^ +^ + ; = P(? + r) + }(r + 1») + i<l> + 9)- 

6 . The wages of 12 men and 5 boys amount to £1, 17s. Cd. 
The wages of 12 boys exceed the wages of 7 men by 6 d. 
Find the wages of a man and a boy. 


XX. 

1. Prove that 

(6 + c)* — a® -|- (c + a)® — J* 4* (« + — c* = (« + ^ + 

2. Find the product of o® — 6® -j- c* — d® and a® 4 ft® — c* — d* ; 

and divide 4^ — 9y® 4 6 y — 1 by 2 y® 4 - 3y — 1. 

3. Kesolve into factors : 

6a:® — 40a: — 100 ; a:® — xy * ; a:® — y® 4 2y2 — 2 *- 
i w^(^H-l) (n*- l)»(?i-hl) 

2 3 

'.t» 4.2^ f 5^-y* ’ 

7 — X B — X 

6. Solve (1) 


4. Simplify (1) - 
( 2 ); 


S’-x 1—a? 
' 2 -a:’*' X ' 


6 — a; 4 — af 
(2) (a-4-a)*+(d:-|-i^)‘’-f (.r -f c)® = 3a:*4- 2(«5 4-«c-t*6c), 
6. The number of scholars absent &om a school on a particular 
day is 8 per cent, of the number present, and Is less than 
the number present by 874. Find the number of scholars 
cm the roll. 
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73. By Imoluimn^ we mean finding the power$ of quantities, 
licvise sect. 8, with special attention to its last sentence. 

Where there is no bracket, an index refers only to the figure 
or letter to which it is attached. 

Therefore, to indicate a power of a negatiye quantity, of a 
simple quantity with more than one fi^ptor, or of a compound 
quantity, these quantities must be bracketed. 

Thus, — a* = o . — o, but (— a)* = — a . — a ; — 2 j:* = — 2 .a:*, 
but (— 2x)*= — 2x, — 2x j 8aa:®=8a . a:*, but (Saxf=sSax,3az.oax; 
Cl — 6® = a — 6 . 6, but (a — bf := (a — ~ h* 

74. Positive quantities have all their powers positive ; negative 
quantities have their even powers positive^ their odd powers 
negative. Thus, 

(— ay = 0*1 (- a)* = 0*5 (- o)* = - a*, (- o)* = - o*. 

The even powers of a quantity will therefore be the same, 
whether it be positive or negative. Thus, 

(4- ay or (- ay = a* ; (2x)‘ or (- Zx)* a 16x‘ ; 

> - by or (- a + by ir o’ - 2ab + 6»; (x - J)* = (1 - x)*, 

75. To raise a power of a quantity to a higher power, multipig 
the indices together, and prefix tlie proper sign. Thus, 

(a®)® = a®, a® = a® = (a®)» = a® .a®.a® = a'® = a® 

{(- a)®}» = a®; («- a6*)» = (- 2x»)® = 64ar« 

But, to multiply one power by another, add their indices, sect 
29 (8). Thus, 0 * X a* = o*, but (a*)® = a®. 

* See section 33 (2^ and (4). ® 

fmH 
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By attention to this the work of involution may often be 
ehm ieiied. Thus, we may And the 6th power of a quantity by 
nmkiplyinp; its 8d by its 2d, for o* s= a* x a®; its 7th, by mulU- 
plying its 4th by its 8d, for a’ = X a*; its 4th, 6th, 8th, &c^ 
by squaring its 2d, 8d, 4th, &C., for a* (et®)*, a* = (a*)*, 
a® 1= (a*)®, &C. 

Exercise XXXIX* 

1. (- xy, (- C- xy, (20)*, (3o)*, (- 4o)®, S6)» 

2. Add y® to y)®, (— o®) to o®, j:® to (— x)®, (— z)* to 
2a* to (2a)*, - $6® to (- 86)®, 1 + 46® to (1 + 46)®. 

3. (x®)®, (T®)®, (^x^y, (x^y, (x*y, (~z*)® (-:r®)*, (-:.®)®. 

4 . (a®. a®) + (o®)®, (a®.«®) + («®)®, (- a®. a*) -f {(- 

5* (jcH-y)*^ (^-"y)** (^ + 4)®, (aar + 8y)* (4jr + 6y)*, (3jr-2y)®- 

6. (a + 0*» (»«-»)*, Cl~8.r)®, (a® + ar^)®, (o»~£/;r)». 

7 . (X + «)*, (a? - 3 )*, (2x - 3 y)*, (a 4 * y)®, (1 - ar)®, ( 2 x 4 1 )®. 

8. (« 4 n)-, (ar ~ 1)®, (I 4 xy, ( 3 ar 4 y)*, (x‘ 2y)®. 

9. (a 4 26 ^ c)®, (« — 26 4 r)*, (x® 4 x — 1)*, (1 — x — x®)*. 

76 . The square of any quantity is made up of the squares of 
its terms, and twice the product of each term into each of the 
terms that follow it. Thus, 

(a 4 6)* = «® 4 6® 4 2a6 ; (a — 6)® = a* 4 6® ~ 2ah ; 

(a 4 6 4 <'■)* = a® 4 6® 4 c® 4 2ab 4 2ac 4 26r ; 

(a — 6 4 c “ = a® 4 ~ 2 a 6 4 — 2ae/ 

— 26c 4 2hd—2cd. 

This is an extension of sect. 83 (1), and is found true on trial 

It will also be found on trial tlmt 

(a 4 by = a* 4 2a6 4 6®, (a — * 6)® = o® — 2ab 4 6® ; 

(o 4 hy =: tt® 4 3a®6 4 8a6® 4 

(a - by = rt* - 3a®6 4 3tf 6® - 6® ; 

(a 4 6)* = a* 4 trt®6 4 6tt®6® 4 4o6* 4 6*, 

(a - 6)* = a* ~ 4a®6 4 b«’'6® 4a6® 4 6*; 

from which we see that, when a binomial is raised to any power, 
(1) the indices of the first term decrease regularly, while those of 
|he second increase regularly; (2) tliat the coefficient of the 
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second tenu U the SAme the index, of the power to which 
the binomial is raised j (8) that the number ik terms is tlmt 
index increased by 1 ; and (4) that the powers of a — h differ 
from those of a 4- & only in being nej?ative where odd powers of 
the negative quantity, — 6, occur. The coefBcients for the 5th 
power are I, 5, 10, 10, 5, X ; for the 6th, 1, 6, 16, 20, 15, 6, 1. 

Hence, if we know any power of o -f 6, we can at once write 
the same power of apy binomial by putting its first term for a, 
and its second for 6 or — 6. Thus, 

•/ (a — by s= n® — Ba^b 3a6* — 6* ; 

/. (2a: « S^y = (2xy - 3(2a:)*(8y) + 3(2xX3y)“ - 8/ 

= 8a:* — 36a?*y 4- 54xy* — 27y*. 

If trinomials be bracketed into binomial form, their powers may 
also be found in this way. Thus, 

o — 6 4- c = (o — 5) 4“ c, or o — (6 — c), 
.'.(0-64- c)* 

=:{(« — b) 4- cj* = (0 by + 8(0 — bye 4- 3(<J — h)^ 4- 
or = {o — (6 — c)}* = a* — Ba\b — c) 4- Ba(b — c)* — (6 — c)*, 
either of which can be easily written out in full. 

Exebcise XL. 

Revise Ex. XV., 1-3, ami find, by inspection, tl»e squares of 

1. .r4-y, a: 4- 1, a: - 1, I - .r, or* 4- - y*. 

2. 1 4- 1 — a:'*, a: 4- 3, a: — 4, 5 — a;, a: 4- 2y, a; — 8y. 

3. 8a:— 4y, <w— 6y, 2«6— 3c4 2a* 4- 36*, 8a*— 26*c, a*6— ay*. 

4. r 4- y 4- 2, a’ 4- y - 2, a:* 4- a: - 1, 1 - a: a:®. * 

5. a'" 4 - 2j: — 3, v* 4- ^ — 5, x* — 80: 4- 2, 2a — 36 4- 4c. 

6. a:*4-y® — 2a:*4-8x — 2, o 4- a: 4- y 4- «, — a: 4- y 

Find by inspection : 

7. (« + zy, (a - zy, (x + 1)* (X - 1)*, (X -h 2)*, (X - 3)*. 

8* (.X 4- y)\ {X - y)* (1 4- x)\ (1 - a;)*, (a 4- xy, (a - x)*. 

9. (x 4- «)*» (j? — o)*» (8a — 6)*, (x — 2y)*, (o 4- 26)*, 

10, (a: 4- y + «)^ (« - y - «)*, (a?* a: - 1)*, (x* - x 4 1)*. 
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77. ^7 Emhtwn, we rxmxi finding the roots of quantities. Sect 9* 

Wliere there is no bracket or Tinculum, the root sign refers 
only to the number or letter to which it is prefixed. 

Therefore, to indicate a root of a simple quantity having more 
than one factor, or of a compound quantity, these quantities 
should be bracketed or have a vinculum drawn over them. 

Thus, but = 3ar ; -f* 16 = 8 -f 16 = 19, 

but V9 + 16 = ^/26 = 5. 

78, 1. An even root of a positive quantity may be either positive 
or negative. Thus, 

•.•a X a = a* and — a X — a = a*; or — a, written ± a. 


2. No negative quantity can have an even root, for every 
quantity has all its even powers positive (sect, 74). Ihus, 

^ a* = a X ~ o, not oXaor — aX — o. 

Such a quantity as ** therefore called an impossible 

quantity, 

3. An odd root of any quantity has the same sign as the 
^tantity itself. Thus, 

o* = a . a . a, i^a* = a ; — a*= — a . — a . — a, a®= — a. 


79. 1. To FIND THE Root of a Simple Quantity. Divide 
the index of each of its factors by the root index, and prefix the 
proper sign. Thus, because 

^a*=a^ . d\ ^a*=o“=:a* ; a*=o* . a*, a*, /. -,J^a*=o®= o* 

8o“4"=2*. a*, a*, a*, ff. 1‘. 4*. ^V8o*#>=2a*4‘=2* t *«“ ^ *4“ + 

Similarly, = + 3A* ; 

s= — 2a^x^. 

But to divide one power by another, subtract the index of the 
divisor from that of the dividend (sect. 36). Thus, a® = a®'* 
= ; but ^a® = a® ■^* = a*. * 


2. The root of a fraction is the root of its numerator 
divided by that of its denominator. Thus, since (sect. 68. 1) 

t 6 4 “ 6»’ • • W “ V4* " 6' ^app ~ 2Vy’ 
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Sme roots cannot be fbund exactly; as tbe Va^ 
V ^a\ Such roots are called surds or irrathikal qvmditks. 

To WNn THB Sqixakb Root of a Compound Quaktitt. 
1. Arrange the terms of the given quantity according to powers 
of any one of its letters (sect. 89)*, 2. Find the square root of its 
first term, and set this down as the first term of the root; 
8* Subtract the square of this term from the given quantity, and 
bring down the remainder; 4. Find how often twice this term is 
contained in the first part of the remainder, and set down the 
result as the next term of the root ; 5. Take, as a divisor, (1) 
tv'ice the former part of the root, and (2) the new part ; 6. Mfil- 
tiply this divisor by the new part of the root, and subtract the 
result. If there is still a remainder, repeat the operations 
described in 4-6 till there be no remainder, or till the highest 
power of tho leading letter in the remainder be lower than its 
highest power in the divisor. 

Examples. 

(1.) a)a® -f 2ah + i*(a -f b (2.) a)a®— +i*(o— 6 

a® ^ 

(aX 2) 4- ^ I “f (ax2)^b I — + 

:=z2a-^b I 2a6 -i- 6® =2a--6 1 — 2ab 6* 

(30 4a:®)lCx*-24a'®+26a^-12x4‘4(4«®-3a:+2 

l€x* 

(4a'® X 2) - 3x I - 24a® + 25a* 

= 8a®-3a|~24a®+ 9a® 

2(4a®-3a)+2 ’ 1 lCa*-i2a+4 

z=8a®-6a+2 | 16a*-12a+4 

The answer to (1) is a + 6, or — (a + 6) = — « — 5 (62 . 1) ; 
to (2), a — 5, or — (a — 6) = 6 — o ; to (8), 4a® — 3a + 2, or 
- (4a® - 8a 4- 3) - 4a® 4- 8a - 2, 

In practice it is sufficient, as in arithmetic, to double the last 
part of each divisor and annex th(^ new part. Thus, in (8), first 
4a® is doubled and — 8a annexed ; then — 3a is doubled and 4- 2 
annexed 

81. To FIND THE Cube Root of a Compound Quantitt. 
1. Arrange its terms as in sect. 80 ; 2. Find the cube root of it% 
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fir»t terro, md set this down as the first term of the root ; S. 
Subtract the cube of this term ftom the given quantity^ and bring 
down the remainder ; 4. Find how often 3 times the square* 
this term is contained in the first part of the remainder, and 
set down the result as the next term of the root ; 5. Take, as 
a divisor, (1) tliree times the square of the former part of the 
root, (2) three times the product of the former part Ibd the new 
part, and (S) the square of the new part ; 6. Multiply this divisor 
by the new part of the root, and subtract the result If there 
is still a remainder, repeat tlie operations described in 4-6, till 
there be no remainder, or till the highest power of the leading 
letter in the remainder he lower than its highest power in the 
divisor. 

Examples^ 

(1.) a* *4“ dc?h 3o6* -4* ^ 

a* 

+ 3(a xh)^h^ 

. = 3o* + dab 4* 5* 1 Za% -f Soft* -f b* 

(2.) a:® -8a:*4-6x®-7ar*+63r®-3x-fl(a:®-x4-l 

X* 

dx* -f 3(x® . — a:)-f a:* 1 — 3a:*4- Gap®— 7x* 

r= - 3 + a:® U ^ 

=3x®-6r*+3a:* 8 >“~ 6 x’ 4 - 6 x* -34:41 
3(**-a:) xl = 3x*-3x 

1*= 1 

8x*— 6x*-f6x* Sx*— 6x*4'Ga:*— 8x4-1 
-3x +1 

82. The 4th root of a quantity is the square root of its square 
root ; its Cth root, the square root of its cube root, or the cube root 
of its square roof; its 8th root, the square root of it8/ott?tA root; 
and so on. For a* = ct® = (o*)® or (a*)®' a® = (o*/; &c. 
(Sect 76.) 

Exbkcise XLL 

Find 

1. V/» V4o*, v'34x*. 
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• 3. V*** X %*, X %*, V^** X 9y*i V26<J^ X 496“. 

4. Va“, ^<»"i ij'a®". .lyo". ^*y. 

6. ^8i!*, ,^”8^, ■^/I6a*6*, aJ' -^Ts^ 

& ,y82a" ^82?^ ,J' - 82a«, -^■64«**“. 

|o’ »|x» t(~~ir iZ5a‘b* All&t^ •[ 

N**’ M/’ M - Nseoy’ Mei/’ M “ 82 **' 

Find the eq^uare roots of 

8. o’+Zox + i®, a*— 2ay+y, i’+6a + 9, 4a*— 12x+9. 

9. 4o* + 12o6 + 96*, 9o»+ 24a6 + 166*, 25<^ - 60o6 + 866», 

10. a’+2a6+6*+2ac + 26c + c*, **— 2ay+y*+2i*— 2y* + *’. 

11. a‘- 2x*H-3a’- 2r + 1, af* + 2** + 3a* - i*- 2r + 1. 

12. 1 - 2a - a* + 2a* + a*, 9a* - 12a* + 10a* - 4a + 1. 

13. a* 4- 4a’— 2a* — 12a 4- 9» 4a* — 12a’ 4- 25a! — 24a 4- 16. 

14. 1- ea 4- ISa*- 12a’ 4- 4a*, a’ - 6a* 4- 18a* - 12a’ 4- 4a*. 

16. a* 4- 4ay 4- 4/ 4- 6r* 4- 12y2 4- 9s», 9a* - 24a6 + 166* 

4- 30 ac — 406c 4- 25c’, 4«* — 1 2a*6 — 7o*6* 4- 24o6* 4- 166*. 

16. a’ — 4a* 4- lOa* — 4a 4" li o* 4- 4a’a -* lOo’a* 4- 4oa*4- a*. 

Find the cube roots of 

17. a* — 8a’y 4- Sa/* — y*, a* 4- 9a*6 4- 2706* 4- 276*. 

18. 27a’ 4- 64a*6 4- 3Ca6* 4- 86’, 64o’-l44o’a4- 108aa*-27aJ. 

19. o’ — 8o’6 4- 3a6*— 6’ 4- 3a’c — 6a6c 4- 36*0 4- Sac* — 36e*H- A 

20. 8 - 12a 4- ISa* - ISa* 4- 9** - 8a* 4- a*, ’ a*- 6.r‘ 4- 3a* 

f 28a’ Oa* - 34a - 27, 8a* - 48a‘a + 132o*a* - 208a’a’ 

4- 198u*a* - 108aa* 4- 27a‘ a* 4- Sa* - Sa* 4- 3a - 1, 

21 . Find the 4th roots of 1 ^ 6 a* — 82a’ 4 - 24a* — 8 a 4 - 1 , 
81a* 4 - 432a» 4 - 864a’ 4 - 768a 4 - 256, 81a* - 216a’6 4 - 216a’6* 
-96a6’ 4 - 166*, 266a;* - 1280x* 4- 2400a’ - 2000a 4 - 626. 

22 . Find the 6 th roots of o* - 60*6 4 - 15o*6*- 200 * 6 ’ 4 - 16o’4* 
- 606 * 4 - 6 *, a* 4 - 18a‘ 4 - 136a* 4- 640a’ + 1216a’ 4 - 1468a 4 - 7^. 
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83. In Part L of The Standard Algebra we read: *A small 
figure placed over a quantity, and to its right, indicates the power 
to which it is raised, or the number of factors of which it is 
composed, and is called the index or expQnent of the power.* * 

Such a definition is necessary and suitable for the earlier parts 
of tlie subject, but it is altogether inadequate to cxx>ress the 
operations which we shall now proceed to consider. Thus, in 

a\ a*'\ a‘*, 

4, — 3, and — are all indices; but it would scarcely be in- 
telligible to say that — 3, 4, and — denote the number of factors 
which must be multiplied together to produce the required 
power. 

We shall therefore determine the meaning of such expres- 
sions ; and shall simply consider an index to ^ a convention (or 
convenient form) for expressing some operation indicated by its form 
and character* 

A consideration of the subject must necessarily be confined to 
those parts of Algebra which atfect the form and condition of the 
indices ; and therefore we must determine the application of our 
convention to the rules of Multiplication, Division, Involution, 
and Evolution. 

I. We know that a* = a x a, that a’ = a X a X a, and that 
a?xa® = axax a X a X a == a*. And so we have, generally, 

rt™ = a X a X a X &c. . . . to m factors, 

* a" = a X a X tt X &c. . . . to n factors, 

and o’" X a" = (a X a X a X &c. ... to m factors) 

X (o X o X o X &c. , , . to n factors), 

= o X a X o X &c. . . . to m -h n factory ' 

= 

the index, m denoting, of course, when m and n are integral 
and positive, the number of flactorfe which are multiplied together 
to form the power. 

II. But let us consider the conditions when a negative exponent 
appears in the operation. From our general form, W'e have 

4 * Page 9, section 8 . 
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a» X a" X 

aad a” X tt" X o'* X or*' - a^**^^p-p 
• 2= a’"^. 

But u*’* X «** X a** X 4r 8^®® equals 

cr 

% 

X o’* X a** X a-** s= a*» X rt" X a** X 

a** 

and /. 0 -^ =5 -4“* 
a** 

We therefore say that a-p is the f-ecipracal of a**, but this is a 
term which requires explanation. When the product of o«y two 
quantities is unity, one of them is mid to be the secifIiooal of the 
other. Thus, 

h a , 

“ is the reciprocal of ^ 


We have now determined the precise meaning of our convention, 
arP. 

III. Again, what operation is represented by ? 

In order to make fractional indices’^ comply with the require- 
ments of our general form, a»" x a” = we must consider 

X ai to equal and 
X X to equal a\ too ; 

and 80 on. But, if two like quantities are multiplied together, 
each of them is the square root of the product ; and if three like 
quantities are multiplied together, cadi of them is the cube root 
of the product. Therefore, 

and ; 

where we see that a fractional index denotes the extraction of the 
root which is represented by the denominator, 

1 km 

So, too, if a? be multiplied by a\ toyj factors, we have 

a* X a'^ X X &o. ... to g factors 
— &C. . ^ . to a terns 


= aQ> = o? = a‘. 

Therefore, a!^ = ^Ya (the root of a), as before. 

IV, Having now considered the most important cases, we will 

z 

proceed to determine a meaning for a*. • 
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If q factors of «« be niultipliod together, we shall have 
n t tt 

X X a*' X <&c . . to 9 factors 
— &e. . , . to 9 terms 



But, if a product is produced by the multiplication of q like 
factors, one of the factors is the g** root of the product or power. 

p 

Therefore, =: the root of the power of a. It will also he 
observed, from the last two considerations, that the numerator of 
a fractional index denotes a power^ while the denominator denotes 
a root. 

V. It is also necessary to ascertain the precise significance of 
«*, and this we will now do. We know that 
a”* X a** X o'* X a® = ^w+ri+p+o 

=5 «»»»+«+/». 

But ««* X a» X X 

a*" X a” X X a® = a"* X a" X X 1. 

«• = 1, 

84. There are other demonstrations which need consideration, 
in order to establish completely the various formulffi and conven- 
tions which a more extended study of the subject must neces- 
sarily include. But the foregoing are the most important ; and, 
for the purposes of this work, are amply sufficient. The others, 
too, are so easily derivable from those already given, that a 
simple knowledge of fractional combinations will enable the 
student to manipulate, with confidence, the various examples 
which may come urnler his notice. 

Examples, 

(1) a» X 6® X a« X 6’ X c- c» 

= a*® 6® c\ 

(2) X n* X p'* X wr* X X 

= m®’® = m"* w'* p® 

= ^ . 
m^n’ 

(8) al X cHl X xa“* x Ir^ X c* 
ssi airi c~l 
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^4) + 6'« -f 

« 

qS- + i« - 

rt<« 4- 6"” 4- a®'‘ c* 

« 

«”'• 4" + 6» + 4" c’ 

- <^” c~° - b'^ - e* 

* * 2 J! 

^4n ^ ^-n ^ jj2n ^ fljSn ^ jjSn c * 4- 4* 1 1 

* -2 " -2 

= ft *** + (^"" 4- 4- d* - c *)4- ?>»c= ^ 6~” A 

(5) 4- 4- ;>i ) 4“ 4- ( f/* - + pif^ 

4* ^ + p]^ 

-<i+ ph'^ 

-q-liqi-p 

+ p + f,^q^ 

pigi +P+ piq-i 


Note . — It is important, in Division, to arrange the terms 
similarly in the dividend and divisor— that is, in the same order 
of indices ; and to observo the same arrangement in theirs/ ternm 
of the quantities brought down. Thus, in example (5), we 
have in 

Dividend *. p~^y p^ 

Divisor ; iA 

First Terms : jjK 

Exfincisfi XLIL 

If I = 1C, y = 36, 5 : = 64, and 2 = 8 , find the values of 

(1) ar*. (2) 

(3) (4) + 

(6) (40:«: + %)-*. 

(7) (ri)-». (8) V{(«^)*}* • 
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(9) +.^ _ yi + (4y)l + ,♦ _ (|)‘ _ (?)* _ (i28rt 

(10) (** X a** X ^ X jH X - gH - H H 

( 11 ) + 

Multiply 

(12) m®* + w^nT -f n** by m®* — -f »**. 

(13) ai 4- by a* - a*W 4 5*. 

(U) (x^ -i- y^Xx^ — yi) by \/x^ 4- \/f> 

(15) Tnr* — mT* 4- m*® — «“* + X by w"' — 1. 

(16) wT* 4 - m"* 4 - m“* 4 - 4 - 1 by nT^ — 1. 

(17) 5o« + |i« _ i <?> by + I +le»^. 

(18) 0^ 6^ + a? 6"+ + ah~^ by 6^ — a"' b^. 

(19) - m-’Hk +»-»»> by m-*i + 

(20) B^' + B^- by - A^ + S'" . 
Divide 

(21) by Jr ^ h\ 

(22) 16/?V® 4 ~ V 

duct of 2i>Q'"' and pV* + 1- 

(23) — m^Ti 4 mJ — 2min* 4- J by (m + n)(wiX — n^). 

(24) JMn‘* 4- w."n“» 4 w^n“5 ^ m”®n^ — nT^n''^ — ni"*n by jJn^ 

4- jJn^ 4 fn4u^. 

(25) — m-? by m" — m"*. 

(26) 2arV**^^ - 17a: 4 6a:Vi» ^ by 

- Tart^’y-^^ - 8a;? V^- ^ 

(27) 9a:"* - 20a;*Sy-i 4. ^ ~ 4 ^ by 

8as"? - ^ x->y4 4 1 
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Expand, as m^nired, the following expression* : 

* (28) 

(29) (a-" + 2o-5 - 8o-Tf)». 

(30) ^ypg-» + Ip-*? - 6^ 

(81) (ai - iJ)*. 

(82) (2a-i - 2 a + 8 ai)’. 

(88) (2m^ - 8a-*)‘. 

(34) Find the fourth term of (2^ + 3^)*. 

Extract the square roots of 

(35) ^ ^ + g\ w'- 

(86)i^-ir-»^+ly*. 

(37) - Um-^” - SOrn't + IfiTO"*' + 40 to-¥ + 

(38) 49»-‘ - 112m-4»’ + 64w-*«‘ + 126«-4a* - 144OT-*»t 

+ 81n‘. 

Obtain the cube roots of 

(39) 216a;’’? — TBOar^y"? + 882i’?y-^ — 348y-". 

(40) 64»tt®’* - 628 otVM + 1452w4’^V _ 13S1«*^-*, 

(41) 80*6-*— 12o*6’* + 420*6-* - 87 + 68a-*6* — 27o’*6* 

+ 27o’*6*. 

(42) Find the fourth root of 81o‘6’* — 4820^6’^ + 8640*6-* 

- 768oV6-V + 256 o*6-*. 

Beduce the folloving fractions to lowest terbs, by resolution 
into factors : 

, . X • p + JD^ + 

2p* + 2p* + 3p> + 8p* 
a 4* 3a^p”® — — 36^p“® 

- SaV® ^ ^ 8&V®‘ 

4- 4" 14a^^ — 

r* — Hr* 4- r”’ — a:»y -f I4ay — ac"*y 
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stmDs. 

85. It is but a short step fh>m indices to surd being 

an irrational quantity whose root cannot be accurately deter* 

, mined, Ther^ore, 

VT; 9i, ^10, tt)i, 

are all surds, the required root of each being an irrational quan- 
tity. The even roots of negative quantities, as \/ ~ 3, ( — 6)^ 
are purely imaginary or impossible quantities, and not, therefore, 
really surds at all. 

86. It will somewhat lessen the first uncertainties connected 
with the manipulation of surds, if the student bear carefully in 
mind that the /om of the expression adds no element of diffi- 
culty. Whatever he has been accustomed to do with or, he can 
do with \^x ; and just as 

6a: -i- Sz — 2x = 6a?, 

4- 3\/a? — 2 V"t = 6\/r. 

The beginner, however, often thinks that the processes for the 
manipulation of surds, are much more complicated and difficult 
than ordinary algebraic processes, and gets into difficulties in 
consequence of the erroneous supposition. 

87. The following rules, proofs, and observations, must be 
thoroughly underst^ and carefully remembered, 

I. A rational quantity may be expressed in the/orm of a surd, 
by raising the given quantity to the power which is indicated by 
the denominator of the surd-index. Thus, 

are all rational quantities in the form of surds ; since 

x/2^ = 16, = 4, (i)J = i, and (- 32)* = - 2. 

In the same manner, if x, y. z, be rational quantities, 

-yV’ 

are also rational quantities in the form of surds. 

II. Surds may be added, subtracted, multiplied^ and divided, like 
ordirfciry rational quantities. Thus, 
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4 lya -f je — V 4 ic = W« + 

I (W V^-y X 2v'«Ty x W^ — y -s- V^nTy 
= i<?._-y) ..x_gN/ £+jf _ , _ „ 

V* + y 

III. It will be evident from I. and II., that the co^^knt of a 
flurd may be put under the radical aign, and be multiplied by 
the surd-factor. Thus, 

6v/7 = \/« X (Tx i « \/m j (a*f h) vc^« + 

(jr + y) \/a? + y = \/(i + y? + y> = V^ + yj?. 

ly. It follows, therefore, that in a surd expression, if there be 
a factor whose root can be extracted— that is, the root corre- 
sponding to the one which is expressed by the surd-index — that 
root can appear as the co^efficient of the remaining surd-factor. 
Thus, 

(1) V348= v7x 7 x7t=7x/7; 

(2) ^imo « X iiir iTx 9 = ii ; 

(3) a*x =s Aya^CoT^ x) = a(a — 

V. When the quantity under the radical sign is as smali as 
possible, hut still iniegral^ the surd is said to be in its simpkni 
form. Thus, 

(1) equals, in its simplest form, 4v/15 j 

(2) \/(a + » » » (a b)\/a -f 6; 

C8)js/yf « » « A\/3. 

N.B. V* = , = ivi = = Av/8. 

VI. (a) Similar surds are those which have, or may be made 
to have, the smm quantity imder the surd -index. Thus, 

v8, 

are all similar surds, because they equal, respectively, 

2v2, 8\/2, lOs/2, tv2, 

the surd-factor being the same throughout. 

(/J) Dksimlar surds are those whitdi have not, and cannot be 
made to have, the stme quantity under the surd-index. I^us, 

0\/2, 7V3, 5\/6, \/7, 

are all dissimilar surds. ^ 
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iVb/e.-»Of course, in the additlan And subtraction of dusm^ar 
surds, they can only be connected by their respective signs. 
Just as vre say, * 

« + 2a — 6 — 3c -|- ^6 3= So + ^ 
so ^2 + 2 V3 - \/3 - 3 x/6 -h 2 V5 == 3 VS + \/S - 3 sJE. 

Vn. Surds of the same order are those whose iNOiOfie, or surd* 
symbols, denote that the same root has to be extracted in each 
expression. Thus, 

IWa, (x+y) 

are all surds of the same order ; but 

11-^0, (x + y) + (m 4 - n)ji, 

are surds oi different orders. 

JVb/s.— When the indices are the same, and the surdffactore 
under them alike too, the surds are not only of the same order, 
but are also called like surds. Thus, 

1 IVa + b, (x + y) sja '-^b, (m + ») (a + b)i, 

are like surds. 

Vm Surds of different orders may be transformed into surds 
of the same order, by reducing their indices to the same denom- 
ination. Thus, 

a\ + (|)», (By)*, 

which are surds of diflferent orders, may be reduced to 

■aA, («i + »)A, (DA, (6y)«, 

which are surds of the same order, because, in each case, the 
same root (the 12th) has to be extracted, 

IX. It is often necessary to ascertain the relative magnitudes 
of surd expressions. In order to do this : 

(1) Reduce the indices to the same denomination ; 

(2) Convert the expressions into entire surds ; that is, intro- 

duce the co-effleient under the radical signs ; and 

(3) Raise the quantities to the powers expressed by their 

respective numerators. 

As the same root has now to be extracted in each case, it is 
clear that the relative magnitudes of the surd expressions will 
be at once apparent. Thus, 

8 ^ 4 , 4 ^ 8 , 2^Tm, 

= ^2*VlOOO, 
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* (108)*, (48)i, (64000)», 

= (108)*, (48)*, (64000)*, 

= (11664)*, (110692)*, (64000)*, 

(Vom which WQ can easily discover the proportional magnitudes. 

X. Fractions whose denominators are compound quantities, 
containing (fuadratk surds, are converted into equivalent frac- 
tions in theiT simplest forms, by ro/ibna/mw^ their denominators. 
The well-known formula, (« — I?) (o H- i) = — 4®, enables us lo 

effect this reduction easily, as a® — must be rational, if n or 6, 
or a and b are quadratic surds. Thus, 

m ^6 ^ 16(V5 V8) ^ t6(x/5 V8) 

^ ^ V5 + VJl (V5 +V3X\/5 ~ V^l) 5-3 

= 8CV5-V3); _ 

(2') _ (\/o -}■ ^ 0 + ^4- 2\/ab 

^ ^ \/^a — \/b (vrt — H- V^) ~ a — b 

XL There are other important proposition.s which may he 
considered and proved, but no more are needed for the purposes 
of The Standard Algebra, The studeht, however, should bear in 
mind that, 

In any equation, which has rational and irrational quantities on 
each side, the rational and irrational parts are respectively equal 
to one another, 

88. Wc will now demonstrate a method, based oh the assump- 
tion ill the preceding article, for extracting the square root of a 
hinomial expression, one of whose terms is a quadratic surd. 
Suppose the square root of dO + l^vU to lie the quantity 
required. 

liCt Vy = V60'+l4Vllj 

Then (V-i’ + •dyf = 60 -f 14 

From which 

ar 4- y = 60 (rational parts), 
and 2vxy — 14 \^1 (iirational parts). 

The solution of these equations gives 

ap = 49 or 11, and y = 11 or 49. 

/. /s/x -b Vy (that is, the square root of 60 -I- 14 V 11) ~ 

+ VU = 7 + vTT. • 

en, I 
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Examples. 

(1) Simplify V80 - VHlF + s/m + (88^)*. 

VM — AymS" + veo 5 + VH* 

■ vie X 6 - V289 X 6 + s/n\ X 6 4- ISs/i 

- 4V6 - 17V6 + 1 WS + 1 VA 
= 4 V 5 - 1 V 6 + IWS + W 6 
= irivs - 1TV6 * JV6' 

(2) Multiply 8-V/6 + 4V2 - 6 V8 by 8\/e + 4V2 + 6^81 

8v'5 + 4V2-V8 
8 Jl + 4 V 2 + 5^3 
46 + 12Vi6 - 18Vl6 

12ViO + 82 - 20 v5 

16 Vie + 20 V6 - T6 

24V10. 

Or, by formula, 

(3 Vi + 4V2 - 6V8X3V6 + 4V5 + 6V8) 

= (3v6 + 4V2 - 6 V 3)(3 V^-P"* 72 + 6V 8) 

= (8V5+4s/2)*-(5V3)* 

= 45 + 32 + 24V10 - 73 = 2 + 24ViO. 


(3) Simplify 


P -9 

\Jp-\/q 

P -9 


^ fp + \i(i 
P + 9 


\p - Vy \^p + \/y 
s: ~ gX\/p + \/y) -(p + qX\/p - Vy) 

p - 9 * 

-- K\/p + Vg \/p + s/q) — 9 W p + \'9 + \/p — \/y) 
p-g 
- ^p\^ 9 -^ 9 \ip 
' P -9 ' 
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« Exebcibe xun. 

Simplify 

(1) -Jm - V2i8 - s/m + 2vm 

(2) ^56 + ^1612 - ^BIOS - ^876. 

(3) v'^ - s/m + vie - vie- 

(4) s/o' + a^b + a*c + s/^~+b‘ + ^‘c + s/at^ + Ac* + c*. 

(6) VCo’P + 18ap + 8 Ip) + s/(^pf— 6upjr+ o’p) - sjiflp +px 

- 2aWp). 

(6) ^2r*I? + ^'2/^ - ^lCx>^y + ^54>*y. 

(7) {jy(6pV - 12epV + 882pV - 2068p*)}* 

ViTrite the followiag surds in the order of magnitude, and give 
the results hy which they are compared : 

(8) 5,^7, tViO. (9) C^lT, 3s/l8. 

(10) 7^no; 1 3,^9, 9,^65, 17^11. 

(11) 3^4 (12) 4/1 vl, -yl V'A- 

Multiply 

(13) 4V3 + 5v/2 - 6VS by 4^3 + 0^6- 5V2. 

(14) V3 + 7v'8 - V6 by V6 - y3. 

(IB) vn - Vi3 + V7 by - V7 + Vll + V18. 

(16) v6 + Vii - Vi3 by - VH - VC - VIS- 

(17) \/a — yoS + \/5 by \/a 4" yoJ + V^-» 

(18) yo 4 - y?_ ya» by Vo - yo’ 4- y^- 

(19) Find the continued product of V3 — 2v'2, 4 — V^i 

- \/3 4- V8. VC 4- \^, V7 + 4, 2V2 + V3- 

Divide 

(20) V3S 4- 12 V12 - 6V15 4- 90 V2 - 6^/42 - 2Vi0 4- 3V^ 

- 108 by V7 - V8 4- 8V6 - 5 V3- 

(21) - 2 V42 - IsjM 4 - V35 4- 40 by V7 - 3v/6 4- 2 VB- * 
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Extract the square roots of the following binomial surds ; 

(22) 20 - 2v 9T* (23) 38 -f 6\/^- • 

(24) - W^- (2") 8 - 2(IB)i. 

(26) 2{a - V(a* - **)}• 

(27) 3{»i® + «* — \/(m® + m*n* + n*)}. 

Also obtain the fmrih roots of 

(28) 49 - 20V6. (29) 184 - 40 (21)^. 

Express the following fractions with rational denominators, and 
in their simplest forms : 


n /3 - \/2 
\/3 “ I ” \/2 
1 - \/2 

1 _ ^2 + V3* 

2 V2 - 1 + 

(\/3? — 1) + (\ /: c 4- 1) 

(VJ + 1) - (\^ - !)■ 

sfCx - 1) + V(r + 1) 

V(i + 1) - V(* - 1)' 


Vis - V ? 

(83) y«-3 ■ 

2s/2 4- V3 -f 1 

(35) . 

3v'3-\/5^ +v'5 


y ( i + JP ) K *■ ^ ^ ^/(I + ?o ( 

v(i - p ») ) — — i ( 

( V(l - P‘) ' 

rqQ -\ n /( p * + g ’’) + V ( p ’ - g *) v ( p ®+ g *) - \/( ?> ® - g ®) 

^ + 2®) - \/(p* - 2®) ' V(p® + g®) + VQ'® - g®)’ 

Solve the following eguations: 

(40) ar - Ss/x + 18 = (V® +fl)® - (5V? + 3). 

(41) 2ix -iWx- 2)- [2V* - (iV* - A{ 5 6 - KV*+ *)})] 

= {(Vx + 2+|i)-4V». 
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(48) 4 {x - lOM + - (* - 9) } - 

= v5 - *{5^* + 8x - i(l - SV* + 1*)}- 
pv 

(44) v#‘ + ^P3 + \y - 2rar = 

“T -'>'y 


QUADRATIC SQUAT1ON0. 

89. A Quadbatio Equation i$ one which, when reduced to its 
simplest form, contains only the second power ^ or only the second 
and first powers^ of the unknown quantity ; as a:^=r4, x*— 6 j?=: 16. 
See also sect 108. 

Quadratic Equations are also called Equations of the Second 
iJef/rce^ or Equations of Two Dimensions, 

A PuHE Quadbatic Equation is one which, when reduced 
to its simplest form, contains only the second power of the 
unknown quantity ; as = 4. ^ 

An Adfeoted Quadbatio Equation is one which, when 
reduced to its simplest form, contains both the secmd and first 
powers of the unknown quantity; as x* *f 4r =s 45, x* ~ b.c =16. 

If two quantities are erimlf their sfpiare roots are equal Tliis 
is the i)roposition on which the solution of a quadratic depends. 

Thus, if = 9, then ± x = i 3 ; if x® + 0^^ -f 9 ~ 26, then 
± (r + 3) = ± 5, 


SOLUTION OF QUADRATIC EQUATIONS CONTAINING 
ONE UNKNOWN QUANTIT^, 

I. Puke Quadratics. 

90. A Pure Quadratic is in its simplest form when it is of the 
form x®=:^±tt; 

that is, when we have, on the left-hand side^ only x® with 1 for its 
coefficient and plus for its sign ; and, on the riqht-kand side^ only 
some known quantity with either sign. 

Thus, x®=16, 9, are in their simplest form; 3x® = 108, 

j = l2, 9-x* = 6, 2x*-7=x*+2, (x+ lXit-l)=35, are 
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91. To RiiDuca A PuttB Quaohatio to its Simplest Form,— 
(1) Multiply out, if it contain factors; (2) multiply each term 
by the LC D., if it contain fractions; (3) transpose terms con-* 
taining unknown quantities to the left-hand side, and known 
quantities to the other ; (4) collect like quantities ; (6) change 
the sign of each term if that of j;* be minus s (G) divide by the 
coefficient of 

Exebcjse XLIV. 

Tell, from inspection, the simplest form of— 

1. a:»-4 = 0; a:»-8 = 8; 9-a:» = 0; x* = 6i; 2a^ = 8. 

2. ax* = 75; 64-6a?® = 0; 2ar®-9 = C:i; 9-2a:® = 7. 

3. 20-3x* = 8; 3x^ = 9; 2a:* - 9 =t + 7 ; 3a;*+l = 5-2* 




X 

3 
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92. To Solve a Puke Quadratic Equation. —(1) Reduce it 
to its simplest form ; (2) extract the square root of each side ; 
(3) affix the double sign (±) to the square root of the known 
quantity. 

Examples, 

1. Solve 6-,x^= 1. o c w 2a: a: 5 

Transposing, — a:^=— 4, x — 3 x — 4 7 

Changing signs, .r* = 4, Mul tiplying by 7(x — S)(x — 4), 

Extracting, a: = ± 2. 14x(x — 4) — 7x(x — 3) 

=6(*-3X*-4), 

1 17 whence 2x* = 00, 

2 a‘(a:— 3) ~ 2x dividing by 2, x* = 30, 

Multiplying by 2x(x — 3), x = ± v'SO* 

x(x-3)— 34= 3(x-3)-3.2x, 4. Solve x(x4-3Xa:—3)=7x. 

X® — 3x — 84 = 8x — 9 — Ox, Dividing by x, (x-f 3)(x— 3)=7, 
r* = 25, whence x*=16, x=i:4, 

X = ±5. and, since we divided by x, x=0. 

0 

Note 1. In (1) we changed signs, because x* must be plus; in 
(3) we divided by 2, because the coefficient of x* must be L 

Note 2. In (4), if we take x = 0, the equation holds good, 
since then both sides become 0. Therefore, when we divide both 
sides by x, we must write 0 as one of the values of x« 
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Note 3. In (1) w« might write ± * s= ±2, biit we ehxmld get 
DO new reenlt doing so. For, if wo write — *#= ±2, then 
•X s q: 2, the same value* as before. 

Note 4. Id (8) we may find /^BO approximately orithmetio. 


Exxkoise XLV. 

1. X*s49; x*-9 = 16; • 16-a* = 0j s^eelif 2x*=i8. 

2. 41-r* = 6; 8-a*s=l}j 8x*=6; 27-8a»aa 

8. 16-7x* = 8; 4-3x* = 21j x(x-8) = 25.-8jc. 

4. 8r(x-2)=147-6xj x(4-2x)=4x-2i (x+7X7-a-)=24. 
6. (x+9X*-<)-=5rj (x-2Xx+8)=6x; (x-lX=82-2x. 
6. x(x-lX*+l) = 8xj (3-xX4-r)=16-7r. 

X 8 


x» „ 2x» ^ 82 

— ss 8 1 **“ 24 ” 0 • — S’ ~ 

2 * 3 


7. 

8. Solve the eg[uation5 in Exercise XLIV. 

9. 


^=r-} X--irO. 
8 X* X 


24 3x X 5 ^ 


9 3’ 


16 


lOe 

11 . 

13. 

13. 

14. 
16. 

16. 

17. 

18. 
19. 


4x 12 
3 X 


X ^ 4 .?® 

4““x~8’^T 


_6 _14^ 

2x* 3x»“ 3 ' 


9 , Zi. 


8 9 ' 


x«-l“xHl’ 
28 82 


6x* 


3‘ X * 


x»-4 . x»-l 
6 6 ’ 


4 x+5_5 

x+6"*" 4 2' 


8x*+2'“6x=-4 ’ 

Kx*-4) = •3(x“+6)-6 ; M8**-2)-6=x*-J(x*-4), 

6x’ 


1 _ ? 1 ? , I ?_L A 

3x*^'^2-3x«“' * 5'*'8 '^x“4'*’x'^«-' 


8 x 6x 2 _94-x 2(3x-4) 8 

4 12 3x“ 9 "" 6x ’ x + 2‘ 


c-2 


= 4. 


8x 


3x 


_8 _ 

x-2 2-i-x^6’ ^4-16 “*'x4-8G 

82^1±»_8iri^«?^+29, 


= 3. 


141 


11 


4x»-6"’2x*-.f' 


Bx 8 (x- 2 ) 2x-16i_Sx-ll 3x-10 2 

8 2x 4x 6 12 “^Sx* 
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20 . 


21 , 


ar+3 X’— 3 


x+l , ,r-a_ 


x+1 




a;-1^2a:-5 


3:r-2 


a:+2~a:— 2 x+1 ’ 2x x— 5~x+4 


- K ‘ 


2*+6_8x+2 

■ *4.2 ~ ar-i" 

8(2a+3) * 

2(x+4X^~3)* 


II. Adfected QuAT>RATIC8. 

93. 1r solving an Adfected Quadratic Equation by the usual 
method, there are three steps — namely : 

first Si^: Reduction to Simplest Form . — An Adfceted Quad- 
ratic Equation is in its simplest form when it is of the form 
x* ± ax = ± Ij; 

that is, when wo have, on t/ie left-hand sirle, only (1) x“ with 1 for 
its coefficient and pht.H for its sign, anil (2) x with any known 
quantity for its coefficient and with either sign; anil, on the 
right-hand side^ only some known quantity with eitlier sign. 

Thus, x’*+6x=:27, x*— 3x= — 2, x^ + '^srll, x* — ^-=13, 

are in their simplest form j 3x® + 2x = 33, 4x — = 3, x® — 7 ~ 5 - x, 
are not, 

94. To Keduce an AnyECXF.i) QiunnATic IOquation to its 
Simplest Form. —Proceed as for a Pure Quadratic (sect. 91). 


Eaei{CI'*e XL VI. 

Tell, from inspection, the simplest form of 

1. X* 4x + 4 = 0 ; 2x — X® = — 1 5 ; — x® + 5x = — 24. 

2. 8x-15 = x®; (;x=lG-x®; x® = lG + Gx; -x®-8x=12. 

3. 2x* + 8x =■ 24 ; 3x® — G.r = 9; 2x®=:5x — 2; 6x®— 5x=r4. 

4. 4x®+l = 4x; 9x® + 3x = 2; 5x-6x®=:l; 2 = 7x-6x® 

-2^,2 9 ^ „ 1 3x 1 X 

•’•*“15 + 6’* 4 “8 


95. Second Stip: Completing the Square.— To solve an Adfected 
Quadratic we nmst be able to extract the square root of its left- 
hand side ; and, if that side is not It complete algebraic square, 
we must make it so. Now, an expression of the form x®+«x, or 
X®— ax, such as we find on the left-hand side of an adfected 
quadratic in its simplest form, is not a complete algebraic 
square. If it were the square of a single term (as x, 2x), it 
Would itself be a single term (as x\ 4x®)', if the square of a 
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binomial (as a: + «, ar — «), it would (sect. S3. 1) contain tluree 
terms (as ar* -f 2 «j; 4* 2aa; 4* d‘‘). 

• / oV • a* 

But, since V 2/ ^ + 4 » 



we see that to make x^ + ux or s^-^ax a complete algebraic 

square, we have only to add to it ; that is f - j ; that is, the 

square of the half of a ; that is, the square of lialf the coefficient 
of X in -\-ax or — ax. Therefore, 

96. To Make the Left-hand Side of an Adfbcted 
Quaduatic (in its Simplest Form) a complete Algebraic 
Square.— A dd to it the square of half the coefficient of x. 

Kate. When the coefficient of x is an odd number, we get its 
half by writing 2 under that number; when it is a fraction, by 
dividing the numerator, or multiplying the denominator, by 2 
(sect. 55. 2). 

Exercise XL VII. 


Tell, from inspection, what must be added to the following 
expressions to make them complete algebraic squares : 

1. x^4-Gx; x*4--^; x^-i-12x; x®4-38x; x“-f56x; x®-4-92x. 

2. 2x; x*-8x; x*— 4x; 52x; x*— 112x; x*— 178x. 

3. ^x*-hUx; a:*-fllx; X* + x; x* — x; x* — 9x. 

^ 4 . 8x , 2 2 6x „ 12x 


. n 2 .j . ** ^ « w* « J 

4. + x'+s-r; X+-; gx; x 


5. x"4-ix; .T*-jX; ^’+7! 


"-2> ^-Jd- 


97. T/iird Step : Extracting the Square Root 

2 • 

2 a 

bince X 4- ox 4- -j- complete algebraic ^ 

^2 squares, 

and X* — ox 4- j whose square roots are ^ 2» 

we see that, to write from insp^tion tlie square roots of these 
and similar squares, we have only to take Me square root of the 
first term and the square root of the third term of the complete 
square, aud to give the latter the sign of the second term of the 
square. 
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EXERCIfiB XLVUI. 

« 

Tqll, from inspection, the square roots of 

1. + z®— 6r + U; z* — 4z4-4; af*— lOz + S* 

2. z*-12z+6*; z»-58z 4*29*; z*+34.r4-289; a:*-24zH-144. 

3. 4!»-| + (|y! *’+y + S' 

4. ^+l+i; x»+?i%g. 

48'*'V96/’ ^ 4 ■^64’ ^ 3'*’86’ ^ 6 ‘’‘iOO' 


98. To Solve an Adeected Quadratio Equation.— Rule L 
(1) Reduce it to its simplest form ; (2) add to each side the square 
of half the coefficient of x; (3) extract the square root of each 
side; (4) affix the double sign (±) to the square root of the 
known quantity ; (5) solve the two resulting simple equations. 
This method is called Completing the Square, 


Examples, 


1, Solve z* 4- 6z = 16. 

Completing the square, 

z*-f6z + 8* = 16+9=25; 

Extracting square root, 
z + 3 = ± 5 ; 

Solving these simple equations, 
x=-3 + 5 = 2, 
or z=:— 3 — 6= — 8. 


2. z» - 8z = ~ 16. 

... x*-8z + 4® = l6-16 = 0, 
.% z — 4 = + 0, ' 

z = 4, 

3. 4z - X® = 7. 

/. z® - 4z = - 7, 

X® - 4x+2®=4-7=-a, 
X = 2 + 4 / —3. 


4. ar» - 6x = 6. 

... 

- '-§ = 4 

’. z= — ~ or ’ = 6 or — 1. 


5. z® - X - 20 = 0. 

z* — z = 20, 

•• 2® ‘*'2®' 

-- 1 ± 9. 


2 


-= 6 or — 4. 
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.*• **+3^^ + 


/IV 1.1,_25 
'V8/ “'U‘'‘l2~86’ 


1 j. 5 

••• "=“8±g> 


- 2 ±5 __ l,_ 7 

“6 ~ 2 «■ 


6. le’-SxtrSS. 
2 8^ ^5 


“^-r+w — 

_ m 

- 4 * ' 

,_8±n_. 

X = — j — BI 6, — 84- 


7 x‘-- = - 

'' * 6 20- 


6 ^VlO/” 10* “10^ ••• ® -8*+(2) 2*’ 


** 

i__= _8. 


9. 

.-. - 3* = 18. 


1±4 

10 


3 

lo' 


* - -2 6 .- 3 - 


Note 1 . To reduce tlie equatiou to its simplest fonn (sect 93, 
94), we change signs in (3), transpose in (5), divide by 2 in ( 8 ), 
and multiply by 3 in (9). 

Note 2, In (4), ( 6 ), and ( 9 ), where the coefficient of z k an odd 
number, we get its half by writing 2 under it ; in ( 6 ), where it is 
a fraction with an even numerator, we divide the numerator by 
2 ] iti (7) and ( 8 ), where it is a fraction with au odd numerator, 
we multiply the denominator by 2 (sect. 96, note). 

Note 3. It is better merely to indicate the squaring of the 
added term, on the left-hand side; and of its denominator, on 
the right-hand side. And the pupil should accustom himself to 
taking the last two steps of the work (extracting, and solving the 
two simpie equations; at once, as in (3), ( 6 ), and following 
examples. * 

Note 4. In ( 3 ), the two values of x, (xi=4-f 0 , and a;=4— 0 ), 
are eqi^ both being 4. In ( 3 ), since (sect. 78. 2 ) we cannot 
find i^^3, we cannot solve the equation in numbers; that is, 
there is no^iiumber such that — j;* = 7. But, had we found 
X = 2 i 1 ^ 8 , we might have solved it approximately by arith- 
metic. 

Note 6. In (1) we might write ± (x -f 3) = ±6, but this 
would give us no new result. For, if we write — (x 4 - 8)= ± 5f 
then 4- (x + 3) = ? 6, as before (compare sect. 92, note 3). 
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10. 

3x 4 2x 4 

Multiplying by 12*, the L.C.D. 
4.4 - 3.3*(* - 4) - 12*> 

= 0(2* -i) - 8.3*; 

.•. 16-»** + 3C*- 12j- 

= 12* - 2 - 9*, 
21*® - 83* = 18, 

, 11 * 8 
* 7 “?’ 

11* . /H\» 289 




■ 14®’ 


n±n_ 8 

14 r 


11. _16_ .* \ 

2(*»-4) 8(s4-2)“6' 

Multiplying by 6(a:* — 4), ^ 

3.16-4.2(a:-2) = a:*-4} 

/. ar^-f 8.r = 65;' >. 5: = 5,-13. 

a? i 2a? — 6 Sx “ 1 

^t+2’ 

(a? + l)Ca:-lXx + 2) 

+ (2ar~6X^ + 3Xa- + 2) 

= (3x-lXx + 3X.r-l), 

.*. X* 4“ ‘ix* — X — 2 

+ 2a:» + 6a:*--l8x-30 

= 3x* + 6x»-nx + 3, 

.% — 3x = 35, solved in (8). 


Exercise XLIX. 


1. a;* + 6x = 40; x* + 3«r = 06; x* + 2x = 35; a:*4>10x=0. 

2. x*-f4x=90; x*+12x=-36; x»4-16x=-55; .r24.4x=60. 


8. *•— 6x=7; 

li 

1 

li 

14x~x*=49 ; 

*®-8*=128. 

4. a*-2*=15; 

20x-x*=99 ; 

18x~x®=81 ; 

*®-4* =21. 

6. **+3*=10 ; 

a:^+7.c=:~12; 

; x®4-9x=~20 

; *'+*=2 

6. *' + * = 12; 

X* 4- 5x = 24 ; 

x*4- 13x= 30 ; 

*®+*=s. 

7. *'-3*=-2; 

6x-"X®=C ; 

x*-9x=22; 

*®-ll*=42. 

8. *® — 15* = 0 ; 

x-* - X = 2 ; 


*-*•=;. 

9. *»+5*=^, 

x®+?*=-i; 

3*®+4*=4i 

*»+?*= -1 

10. **+'f 

9 27 

a , 16x 

i x»+--=l, 

x®+g=2^ 

n -.2 ® . 

6* ^ 1 
y-“=6’ 

3x® — 4x=16 ; 

iCx_*,_ 4 
16 16' 

9 “27* 

*»--?=!. 
15 5’^ 

8 81’ 

2*-8*»=i 

18. *» + v = li 

^4^8* 

• , X 1 
* ’*'3~i2' 

6x“ 4- X = 2. 

U. 

9 . 11^ 

x®+-^=-3i 

’ *^+12=4' 

^2 18 
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, 8 * 8 


2 *»- x = 2 . 

* 8’ 3“9' T“ii. 


2 4«. ® ^ 17je 19 T . 1 

6 “25* 8~*“32’ I6“l62* 2“*“i8‘ 

Solve the Equations in Exercise XL VI. 

3i*— 2x=21; 4**-* = 83; 6x*-x=15( 17iB-2**a86. 
(x + 2)(6-*)»15; (Sar + 2)» + (8!E-8)*«122. 
(®-6)(* + 4) = &c + 9; <i + 8)(x-3) = 2x(x-6> 
x(7 — i) + 2x(x — 2)=! 10(x — 1); 5x* — 14 = Sx. 

(x + 7)* - (x - 8)’ = 2 (x + 2)’ ; 3x’ - 26x s= 169. 

2(i + 6)(x-6) = 8(x- 3)®; 8(2x- l)(x + 2) = 4(x+l)*. 
(4x - 6) (x + 4) - (3x - 2) (2x - 3) = 14. 

(x + 3)(i — 5) — (i — 3) (7 — i) — (x — e)(x+ 13) = a 

I ® —6- 72— i x X 13 X 51 

*'''x“ * X 6* x+3G“2x+8* x-3 “ 8x+7' 


.+5=., 


x-l_ 9_ 5 4 6 11 

.x+9“2(x-2)’ S'^x * .* x“8* 2' 

16 15 „ . 8 20 x-1 ^ 

a:— ;r- = j; 2; 4af— — = — j x 7 = 5 . 

2a: 2a; * 3ar 8 ’ ®— 4 


a:4-4 a: 3 ar 4 1 

3a;_2-— =9; -4--=;::+- 4.^. 

2a: 4 z— 3__1 

T 27 ““ 2 * T~^~T~J'''*®* 


31. 

X .T — ^ 


3 2x X 2’ 

^ X 2 

8.1 2 


.T— 4 ’ X 8— a: 

2 3 9 


xH-2'^2 x-2* 


a:— >4 

"a;+4 " 

(JJ 


\a:-l-2> 

' Na: 

Ji* 4 . 

x+4_, 

r+4^ 

3j: ^ 




(x+4)» (x-4)®‘ 


X— 1 x+8 

2a;^3 6x 

3a: "*‘3a?-4'"' ’ 


a:+2 3 8 

"3 x+2“8* 

x ^2 2 x — 3 _ 

a:— 3 x4-9 “ 

j 
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37. 


8 a ?— 6 2 x 4 9 JC-f 3 2 a? 3 ^ 8 a? y 4 - 2 _8 

«-7 1+3 2* ”a+8“3’ *+2~‘ 3* ^ 

i.j; i.®. 1 L !(!z:f>=:* T 

*'*'®- 4 ~ 2 |’ 4 “ x-2 


98 Jf-+ 5 ±!-®. _f ® I ® 

ar+2^ 8* ~2' x*-4~8(2-x)’ x+S^af-S 

89 -i_ 1 V X8 4 _1 

**-l~2(x-l)~6’ 2(**-4)”8 (x+2)~5' 

40 13 — a? _ 3 a ?— 2 ^ ar — 4 ^ a ?— 9 1 

7 a:-f 8 "" 14 ’ ^ 4-5 x -|-8 “* 4 ‘ 

a:-8 a:-4_l 18 8_ 18 4x-7 3a?+8_l 

‘ x+8 x+6*6' ar ‘*6“a:4-li* 2x 8x-2"'2‘ 


45 , x.| = (f- 8 )(x- 2 ), 


a;~X ar-3^18 
a;- 3 ‘^x~l“ 6 * 


43 a?-h2 x-4_ 8 
x +4 X — 2 10 ’ 


x+8 x+l_5_ g— 8 , X— 6 _4 
x+T“J^~ 6 ’ x^'*’x+2“8' 


x+1 x+2 _ 2 6 7 8x-2 _ 3 

“■ x-7 x-4 s’ x-3 “ x+2 (x-3)(x + 2)“4x‘ 

4 fi 2(x+l) ■ 5(a-~3) 2x-g x-8 _ 2 

X — 8 xH -1 ’ x-l -1 X — 7 3 * 


46. 


47. 


3x— 7 X— 1_8_ 8x+l 2x-fl_4 2x4*4 x+J _3 

x4.r x-l^S’ ^-1:"'3 x3T""3’ 3x^“8x 44“'2’ 
B-|-l I x 4’3 _ 2x4*3 ^ , 7 x 4"9 ^ lOx® — 18 

ilia + in - "a:-2 ’ 4^43 2x43 * 


x43 2x— 1 _ 3x--4 
x-l-l x-l-2 X— I ’ 


Sr-f 


7x-2 

3 x +2 


= 6^1 + 


2 x 43 


> 


2x— 5 x42 _ x45 

Sx~ 4 _ 2 x 41 . 
x 44 x-h 2 x 4-3 ’ 


3 ; 4 - 1^3 . =3 

^ 2x-3 3x^2 




5 3(x^-l-]6) 
2‘2x-l ■“ 4’ 3x4 1 * 


99. liVLE Jl.— Ur FAoroRiNa. (1) liediiee the equation to 
ita simplest form; (2) collect all its terms on one side; (3) 
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factorise riie expression tims obtained; (i) mrite each Isictor 
^equal to zero ; (^) solve the resulting simple equations, 

Examples, 

1 , + 6a: = Id (sect. 98. 1> 2, x* - 6x =; 6 (sect 98. 4). 

z« + 6x-.16?=0. ;r’-. 6 ar -6 = 0 , 

- (x + 8X:p-9) = 0 , /.(r- 6 X^ + l)- 0 , 

either 8= 0| a either a: - 6 ss 0, /. a: a= 6 ; 

or X— 2=0, A x = 2. or x+ 1 = 0, x= -*1. 

8 . a:* 4 - Sar* - 4a: = 0, 6 . 2 i* 4 * 6 a:=- 2 , 

x{x^ + 3x — 4) = 0, A 2a:* + 6 a: + 2 = 0, 

/, x(x + 4Xa: - 1 ) = 0 , ,% ( 2 a: + IX^ + 2 ) = 0 , 

either x = 0 j /. either 2 a: + 1 = 0 , 

or a: + 4 = 0, a; = — 4 ; /. 2 a: = — 1 , /. a: = — J ; 

or a: — 1 = 0 , X = 1 . or a: -f 2 = 0 , /, x s= — 2 . 

4. 8 a:* 4 - 12 a: -f 9 = 0 , Or, 2 x* + 6 a: + 2 = 0, 

,% 8 (x* + 4x -f 8 ) = 0, .*. , dividing by 2, 

8 (x + 8 )(x -f 1 ) = 0 , X* -I- f X 4- 1 ss 0 , 

since S cannot = 0, ,v (x + 2)(x 4 - J) = 0, 

either x + 8 = 0, x = — 3 ; a either x -f 2 = 0, x = — 2 ; 

or X 4- 1 = 0, /. X = — 1. or x 4- J = 0, /. x = — f. 

Note 1. This method depends on the fact that, if a product be 

equal to 0, one or more of its factors must be equal to 0. 

It is a very easy method when tlie coefficient of x* is 4- h and 
the other terms contain no fractions (as in examples 1 and 2). 
In other cases <a8 in example 6), the first method, or the third 
(sect. 100), should be preferred. ^ 

Note 2. In (4) only two of the factors can be equal to 0 ; In 
(3) all of them. Thus in (3) x has three values, hut the equation 
is really one of the third degree (see sect. 103 and 92, Note 2), 

ExEifbisis L. 

1. ^_5x 4.6 = 0; x*4-«f~12 = 0j x»-x*-2x = 0. 

2. 2x-®-Gx-36=0; x^-12x*-h32x*=0; 8x*-Cx* - 72x = 0. 

3. Solve by this method Exercise XLIX. 1—8. ^ 
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100. HtrtE III.— By PoBMuiiA, (1) Clear the equation of all 
fractions, and (2) arrange its terms in' the following ^ 

Form, or* -f“ + c = 0, 

a a 


•■■*’+T + 




— iae 


4a‘'‘ 




‘ 4ac 


2a 


Formula, 


& j: ~ 4ac 

2a 


Note 1. In the Formula, of course 5* is always positive, and 
the radical quantity has always the double sign. But the signs 
of b and c differ in the Formula from their signs in the Form ; so 
that, if either be negative in the Form, it will be positive in the 
Formula. 

Note 2. If the expression be not cleared of fractions to begin 
witli, fractions will appear in the Formula / and this should bo 
avoided. 

Note 3. If, after the equation is reduced, 0 = 1, 
the Form becomes a:® + ftx + = 0 ; 


and the Formula, 


— 6 ± P - 4c 
2 


Examples. 


1 . .r*-x -20 = 0 (sect. 98 . r,). 
Here a = 1 ; 6 = — 1, 

— 6 = 1 ; and 
-4ac=-4.1.-30 = 80; 
1 ± 

\ a? = * 


2 


= 6, or — 4. 


9 r 7 

2. X® -h Y = y- (sect. 98. 6;, 

12x"-f 8x~ 7 = 0. 
Here a = 12 ; ^ = 8, 

— 6 = — 8 ; and 
-4oc= - 4.12.-7 = 336; 
~8±V8"+y^6 1 7 

2.12 ~2’ S' 


ExEitcins LI. 

1. Write the Formula} (1) fur a.r + 0, ox*— 2)X+c=0, 

ox*— &a:— c=0; (2) for x“+6x— c=0, x'*— to+c=0, x’®— ftx— c=0. 

2. 2x"-f3x=65; 3x*-50x=17; 7x*4-81=72x; 74-13x*=llx. 
^3. Solve in this way Exercise L. 2, 4, 6, 8, 18, 9, 13—15. 
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101. Since every Quadratic can be reduced te the form 
^ as* 4- + c — 0, 

and we have seen (sect. TOO, Note 3) that then either 


(1) as = 

or (2) % « 
we see also that 


— ft + hjh^ — 4c 

2 ' 

— ft — »jl? — 4c 

2 7" ‘ 


• ft 


ft 

‘2' 


Vft* — 4 c 
' 2 ‘ 


1. A Quadratic equation has two roots (which may he equal), 
but only two ; namely, the two values found above for x. 

If ft = 0, then bx = 0, and the equation is a pure quadratic. 
Thus the statement is true for all quadratics. 

Similarly we might shew that an equation of the third degree 
has three roots ; one of the fourth degree, four roots ; and so on. 

2. When a Quadratic has been reduced to the above form, 

The Sum of the Roots = the coefficient of x with sign changed ; 
Their Product = the third term, with same sign. 

For their Sum « — | | — ft, 

JL A o 


1 41 . • D ^ # * ft\/^^^^4c ftvft^ — 4c ft* — 4c 

and their Product = ^ -jL... — 

4 4 4 4 

4c 

Tims we get a very useful Test of Accuracy for our work. 


Examples, 

1. sc* — a; — 20 = 0 ; ,% sc = 5 or — 4 (sect. 98. 6). 

Sum of Roots := 5 — 4 — 1, which is the coeffi^ent of sc with 
its sign changed ,* 

Product of Roots = — 4.6 = — 20, which is the third term. 

2. 2x*— 3x = 35 ; sc = 6, — 3} (sect. 98. 8). 

3x 35 . • 

^ y eq^tion when reduced ^ 

Sum of Roots ca6 — 3J = 1^ = -|; 

Product of Roots = — ^ 

m. J 
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102* Equationa like those in Exercise L. are easily adyed if 
worked as in the following Examples, Tliey come out Pure Quad- 
ratics, and may be taken immediately after Exercise XLVI» ® 


_8 ^ ^ ^ 

a:-h3 

ar-.9^_Sar-f9 

a^-9 


_ 2x-18+2a:+18 

® * 

6* _ 4JC 

j?^9 “ I* -81’ 

8 2 
" *=<-9 “ i‘-8l’ 

a* = 223, i = ±15, 0. 


2 . 0~a:^ 94-a: 

«— l'^9+r'*9— ar'^x+l* 
ar+l r— 1__9+Ar 9— r 

a:*+2r+l-r*-f2r-l 

r*-! 

_ 814*1 8r4-r*— 81 -|-18ar— r* 

“sTlra 
4a: ^ 36x 

~ sT-P’ 

1 9 

A lto* = 90, A * = ±8,0. 


JVote . — In both cases we transpose in order to get like deno- 
minators on each side. In both cases, too, x was a factor of the 
equation, and we divided by x ; therefore, x 0 is a solution of 
eacii (see sect. 92, Note 2), 


Exercise UI. 

S 3^22 

x+l'^x-1 x-f3‘'"x~3’ x-|-6‘^x-5 x-fJ0*'x-10 

1 . 1 . 1 1 2 2 3 

x4-2 ~ X— 2~x4'14 ^x— 14 x-f 1 ^ x— 1 ^ x-l-11 ^ 

_£_=o- _i-+J-+-JL_^__L. 

*-11 ’ *+7 *-? *+!/' ir-* 

x+l x~-l_'' 4-i-x 4— x^ .t4-4 X— 4 16 — x_164-x 
‘ x—1 x4-l~4-‘X 44*x’ X— 4 x4-4 164-x'~ 16--X* 

x+9 16-fr_x^9 13-x xH-25 8r)-x_3r)4-x x~26 

x-9 le-x^x-hS 16-l-x’ x-25'^3G+x”36-x'^xT26‘ 

c 

Equatioi^s Solvable as Quadratics. 

103, Any equation can be solved as a Quadratic if (1) it con- 
tain only two powers of the unknown quantity, and (2) on© of 
tiiese powers be the square of the other^ 
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Thu6, i^noe is the iquere of a?*, a* the aqtia re of ar tlie 
square of a:®-f Sx+l the square of 8a?4-3* the 

* following examples can be solved as Quadratios by the me^iodB 
already given : 

Examplet* 


1. a:*~6i:»=-.8. 

/. a:*-6a:*+8*=l, 

/. j^s=Sils=:4 or 2, 
/, a? = i2 or ± V2. * 


2. a:»+2ex*is2r. 

A a:*+2dr*4- 13*=rlH 
A »»=~13±U=1 or--2T, 
jps=l or —8. 




•■• '+^'*+(0= 


49 

2** 


V«-l±l=+3, -4, 
jr=:9, 16. 


4 . S‘—i^x=12. 

••• ^-v*+(|)'= 


49 

2 *» 


.% a:s=9, 16. 


5. a:®+8:r— 3+ V^*4-8a:+l=62. 

.t®+8xH- 1 4 - V^H-8^+ A =66, 

© * 226 
= —g 

.-. V?+8i+l=^^-^~= + iV -8, 
~40, 64 j 


Le1f(l) =49, 

.*. x*-f8a; =48, 

.'. x’*+8ar+4®=64, 
/. ar=— 4^8, =-^4, 


-12. 


Let (2) a;®+8ar+l =64, 

.•. a^+Sx =63, 
.% a:»H-8x+4»=79, 
x=-4± 


1. In (2), X seems to have only two roots. It really has 
sir, as (sect. 101) it ought to have. • 

For, since r* = 1, r* — 1 = 0, (x — l)(z* -f r -f 1) = 0 ; 

.’. either ar— 1 = 0, orar* + a:4-l = 0; 

and, by solving r® + a? + 1 = 0, and x* — 8r -f- 9 = 0 (got, in 
samt» way, from x* + 27 = 0), ige get the other values of x. 

Note 2. Example (4) difrers from (8) only in the sign of ajx. 
In both we get the same values for x, and thus, in solving the 
one, we solve the other also 

This happens where we have to square a quantity before we 
can get the value of x. Thus, in (5), in solving x* -f 8x 1 
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^ solved jc* + 8a? + 1 - 

V*?* + SiTfT = 56, as vrill be found on trial. 

In verifying these equations we must Ins careful to take for 
the quantity under the root sign the value actually found for it. 
Thus, in (:i), if jc = 9, then = -)- 8 (not — 3, which might 
also be got from a: = 9) ; in (4), if a: = 9, then njx = ^ 8 (not 
+ 3) ; in (6), if a:* + + 1 = 64, then 6a? + 1 = - 8 

(not + 8) ; and so on, 

Nou 8. In (5), we began by adding 4 to each side, that we 
might have, as the fi rst term o f the equation, a?*** ■+• 8a? + 1, which 
is the square of 4- 6x -f 1. 

Exercise LIII. 

1. x*-.10x''=-9; x*-6x*=27; x*+676 = 52x*; x*4.36=13x*. 

2. X* - = - 6 ; X® - 28x^ = - 27 ; x« - 2x* = 48. 

3. x*-f26x*=27j x‘‘4-66x*=612; x«-7x®=: 8; x«^19x»=216. 

4. x4-2Vx = 24; x + V-c = 42; x — 3V^=10; x — Vx=:0. 

6. x-H V^+'i = 6; x + 4va?4-2 = 30; x + 6+ Vx — 2 = 19. 

6. 3x~9-6vi'“5 = 8; x*+2Vx®^=6; x*+8-^3v'x^f2 = 0. 

7. x*-6x4-4 V? -"(ii’-j- 2 = 19; x*4-x4-2 + 2Vx-^+:c+T=22. 

8. ar«-5a:-.8 - Vx*-ox + 3 = 0; ( x 4* 1)“- ^/x’'■-f = 13. 

9. 8x* ~ 12x - 6 4- 6v^?'~4x~ 1 = 22. 

10. X* - 6x* - 3 4- 4v'x* - ex'* + 9 = - 7. 

Problems resulting in Quadiiatio Equations w^th * 
One Unksown Quantity. 

104 :. Note 1. A rectangle or ohhng is a four»sided figure wkh 
two of its sides perpendicular to the other two. Its diagonal is a 
straight line drawn between tw'o opposite angles. Its area = its 
length X its hnadth. 

1. The perimefer of a rectangular room (that is, its measure 
round about) is 64 feet; and 21 yards of carpet, 4 feet broad, 
are required to cover its floor. Find its dimensions. 

Here, length + breadth ;= half of perimeter = 32 feet. 

Let X = its length in feet) /. x(32 — x) = 63 x 4 feet, 

32 — X = its breadth n > 32x — x* s= 252 feet, 

- 32x = - 252, 
x" - 32x + = 4, 

X = 16 i 2 = 18 or 14 feet, its length; 
and 32 — X = 14 or 18 feet, its breadth. 
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Note 2. In a right-angled triangle, the base (3) and perpen- 
dicular (P) are the sides containing the right angle j the hypo- 
•tenuse (H) is the side opposite it; and B* -f P® = H®, 

2. Plnd the sides of a right-angled triangle whose base and 
hypotenuse are respectively 9 feet shorter and 9 feet longer than 
its perpendicular. 

Let X = the perpr. in feet, j ar® -1- (z — 9)® = (x + 9)®, 

then a: -f 9 = the hypot. « . > .% x® -f af® — 18ar -f 81, 

and a: — 9 =: the base v ) = a:® 4- 18z -f 81, 

X® i= S6z, 

X “ 86 feet, the perpendicular ; x -f 9 = 45 feet, the hypo- 
tenuse; z — 9 = 27 feet, the base. 

3. Find the price of wheat when, if it w'ere to fall Ss. per 
fluarter, 1 bushel more .would he got for £7, 10s, 


z = real price per qr.. 

= real number of qrs. got 

X 

X — 5 = supposed » n , 

150. , 

- — - = supposed M 

150 150 1 ^ ^ ^ 

.*. - ; whence z® - 5z = 6000, 

X — 5 X 8 


whence x = 80s. or — 75s. per quarter, the real price, 
an(Px — 6 = 75s. or — SOs. » , supposed » . 


Note 3. The negative result, — 758., has a meaning. It indi- 
cates that 75s. will be the price per quarter if the conditions of 
the problem are reversed. That is, 75s. is the solution of the 
problem : ‘ Find the price of wheat when, if it were to rise Ss. 
per quarter, 1 bushel /ess of it would be got foa£7, 10s.' Simi- 
larly, it will often be easily seen that other problems are callable 
of iiaving their conditions altered so as to make the negative 
solution applicable. Compare Examples 5 and 6 ; and 1, Where 
the double result implies that the terms length and breadth are 
interchangeable. • 

4. An officer, trying to arrange his men in a solid square, has 
10 too many. If he arrange them in 7 lines fewer, each contain- 
ing one-third more men, he will have 10 too few. How many 
men had he ? 
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I^et (1) X = iiuniber of lines, ) . ^ jq 

/. X .= number in a line ; ) * ' 

(2) X — 7 5= number of lines, j 


: no. of men. 


y(x-7)-10=i» », 


and X 4 - 5 — ^ » number in line j 
o ** 

»•* + 10 = ~{x - 7) - 10, 

whence x = 30 ; and x* -f 10 = 91 0> the numl)er of men he had. 

5 Kind the price of eggs per dozen, when one more in a 
shilling’s worth lowers the price 2d. per dozen. 

Let (1) X = real number for Is., 


.% ~ = real price each, 

X 


144 


= real price per dozen ; 


(2) X 4- 1 = supposed number for Is.} 


12 

X4-1 


= suppd. pr. each, 


144 

X *4 I 


s= suppd. pr. per dozen ; 


144 

X 


144 
X -f 1 


ss 2, whence x'-* 4- x = 72, 
144 


whence x = 8 or — 9, and — = 18d. or — 16d. the pr. per doz. 

X 

Note 4. The negative result indicates that 16d. is the solution 
of the problem! ^Find the price of eggs per dozen when 1 fewer 
in a shilling’s worth raises the price 2d. per dozen.’ 

6, Find the buying-price of a horse on which, when sold for 
jG24, as much per cent, is gained as it cost. 

Let X s= the huyiiig-price, 

X = the gain per cent., 


X, 

100 


= gain on £1, 


’ 100 ' 


x‘ 


; gain on £x ; 


/. 4- = 24, 4- lOOx = 2400, 

whence x = £20 or — £120, 


Note 5. The negative result indicates that £120 is the solution 
of the problem; ‘Find the buying-price of a horse on which, 
when sold for — £24 (or when lost, and £24 is spent in vain in 
sefxching for lum), as much per cent, is lost as he cost.’ 
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Exsbcxse LIV. 


► The following-namely, l.{6), (0) ; 8.(2) ; 4.(1), (2) ; 5, 6, UU), IB, 20, 28, 87, 
82, 48, 45, 46.(2}— produce Pure Quadratics, may be takes alter J^erdae 


1. Find two numbers (1) whose difference is 2, and prc^nct 
624 ; (2) whose sum is 40, and product 361 ; (8) whose (Mffer- 
ence is 2, and their quotient equal to the less ; (4) whose sum 
is 72, and their quotient one-sixth of the less; (6) whose 
quotient is 3, and product 972 ; » (6) whose product is 884, and 
one of w^hich is as much below 80 as the other is above 30. 

2. Find two consecutive numbers (1) whose product is 750 ; 
(2) the sum of whose squares is 1301. 

3. Find two consecutive odd numbers (1) whose product is 1 
less than twice their sum ; (2) whose product is 25 times the 
quotient of the greater by tbe less; (3) the sum of whose 
squares is to the sum of the numbers themselves as 17 to 4. 

4. Find three consecutive numbers whose product equals (1) 
24 times the middle one, (2) 16 times their sum, (3) 72 times the 
least, (4) the sum of whose squares is 22 times the least. 

5. A cheese costs one-fourth as many pence per Ib. as there 
are lbs. in it, and is sold for £1, 78. Find its weight. 

6. Find the sides of two squares when (1 ) one is ith the size 
of the other, and both together contain 5120 sq. yds. ; ( 2 ) one is 
^rds the length of the other, and is 8920 sq, yds. less. 

7. Find the sides of a field, square at first, which contains (1) 
2496 sq. yds. when shortened 4 yds.; (2) 2156 sq. yds, when 
lehgthened 15 ft. 

8. A right-angled triangle has its base respectively 6 ft. longer 
and 6 ft. shorter than its other sides. Find its sides. 

9. A rectangular field has one side 12 yds. shorter than the 
other, and its area is 1728 sq. yds. Find its diagonal. 

10* Tiie length of a room exceeds its breadth by 5 ft.; its 
diagonal is 25 ft. Find its area. • 

11. The perimeter of a room is 68 ft. ; its area is 286*75 sq. it. 
Find its sides. 

12. A rectangle has a square cut off iVom one end of it. Find 
the sides of each part when ) the remaining part is ^th the 
length of the other, and the whole contains 720 Bq«yd8. ; (2) the 
remaining part is 2 yds. more than ^rd the length of the other, 
and the whole contains 1026 sq. yds. 

13. A buys cloth for £3, 48., sells it at 5s. 3d. per yd., and 
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14. A person buys tea for £5, sells, it at bs. per Ib.^ and gains 
what 4 lbs. cost him. How noaiiy lbs. did he buy ? 

15. An employer divides £15, 6a. equally among his men. 
Were each to get la* more, the number of men and the number 
of shillings given to each would be equal. Find what each gets. 

16. Among a number of boys 224 marbles are equally divided. 
If each get 2 fewer, the number given to all will be the square 
of the number of boys. How many boys are lliere ? 

17. A boy trying to form a square with marbles in rows has 
1 too few ; arranging them witli the no, in a row double the no. 
of rows, he has 3 over, but 2 rows fewer. How many has he ? 

18. A woman buys ducks and geese, 9 in all, for 35s. A goose 
costs her as many shillings as the number of her ducks, a duck 
one fewer than the number of her geese. What did each cost ? 

19. A party’s railway fares amount to 328. 6d. ; as 4 do not 
pay, the others have to give 2s, 2d. more each. How many pay ? 

20. The height of a room is Jrds of its breadth, ils breadth is 
Jtlis of its length, and the area of its walls is 1792 sq. ft. Find its 
dimensions. 

21. Two school-rooms have 600 pupils equally clividt'd between 
them. In one 6 benches fewer are required, because 3 more can 
sit on a bench. How many benches are in each ? 

22. A lady buys 2 pieces of cloth for £5, 48. each. The one is 
8 yds. longer, but costs Is. 6d. per yd. less than the other. How 
many yds. in each, and its price per yd. ? 

23. A, with 6<1, too little to buy a fish that weiubs thrice, as 
many lbs. as it costs pence iwr lb., buys another Jnl lighter and 
Jrd dearer, and has Gd. over. How much money has he? 

24. As wage per day in shill mgs is to the number of days he 
works as .3 to 4 ; B’s, who works 6 days longer, is to A’s as 2 to 
3. A oairiis £2, lOs. more than B. Find time and wage of each. 

25. Find a number whose two digits differ by 2, its square 
with that of the number got by reversing the digits being 2340. 

26. Find the price of tea when, were it to fall 8d. per lb,, 4 oz. 
more of it would be got for a crown. 

27. An ofiicer has 16 men too few to form a solid square, but 
just enough to form a body containing one-sixth fewer lines with 
one-sixth more men in a line. Ho^ many men has he ? 

28. The frJme of a picture is half its area, and everywhere 
S in. wide. Find the sides of the picture, which are as 4 to 5. 

29. A, by going ^ mile i)er hour faster than B, requires 1 hour 
less than he lor 45 miles. Find the rate uf each. 
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80. One kind of tea cofits 2d. Joss per lb. than auotheti but 

1 oz> more of it is got for 2s- Od. Pind price per lb. of ©acb- 

• 31. The distance of one end of a ladder from the foot of a wall 
is 8 ft. more than that of its other end, and ita length is five- 
sevenths the sum of these distances, Find its length. 

32. An oblong pond with sloping banks, and whose sides are 
as 5 to 6, has water run off till its length is its breadth and 
its surface 210 sq. yds. less than before. Find its sides, 

33. The breadth of a room is Jths of its length. Another of 
equal size has its length 8 ft. gV^*ater, and its bi'eadth 2i ft. less 
than the diagonal of the first. Find their dimensions. 

34. A grazier buys oxen for £270, loses 2, sells the rest at gain 
of £2 per head, and loses £10 in all. Ilow many did he buy ? 

35. A buys sheep for £50, sells all but 2 for £2 less, and, besides 
the value of these 2, gains ISs. per score. Find cost-price each. 

30. A spends Is. on peaches, Is. on oranges, and gets 17 in all. 
Three oranges cost Id, more than 2 peaches. Find price of each. 

87. Were a train to go 3 furlongs per ho. slower, it would take 

2 ho. 40 rain, longer to run 210 miles. Find time it takes. 

38. A rectangular carpet contains 396 sq. ft. If its width be 
lessened 6 ft , the remainder will be ^^th less than it would he 
were the length lessened as much. Find its dimensions. 

39. A and B together earn £61. A w orks 4 wks. fewer, for 2s. 
a wk. more, and for 43. in all more than B. Find the wmge of each. 

40. By selling a horse for (1) £39, (2) £50, (3) £65, 5s., as 
much per cent, is gained as it cost. Find the buying price. 

44. By selling goods for (1) £16, (2) £21, (3) £22, 158,, as 
much per cent, is lost as they cost. Find the buying price, 

42. By selling goods at a profit of (1) £5. (2) £8^, a gain per 
cent, equal to the selling price is made. Find prime cost, 

48. I buy 48 sheep, sell |rds of them at a gain per cent, of as 
much as 3 cost, the rest at a gain per cent, of as much as 4 cost, 
and gain £10 in all. Find their cost price eaclu 

44. Two sums, £800 in all, produce £31, 17s. 6d. of interest ; 
each is 100 times the rate per cent, of the other; find them. 

45. One pipe empties a cistern in 4 ho. more than another takes 
to fill it, and, both being open, 82 ho. more are required to fill it 
than the first takes to empty itf Find time of each and both. 

46. Find time taken by each and by both to do a piece of work 
when (1) A takes 8 days less than B, and 1 day more than both; 
(2) A takes 1 ho. 12 min., B 32 min., more tinui both. 

47. Find the price of eggs per dozen when (1) one more in a 
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shilling’s worth lowers the price 2d. per dozen ; (3) two fewer for 
Is. 3d. raises tl^ price 5d. per score. 

48. A stationer, bj giving 2 pens fewer for Id. than he got * 
for it, gains ^d. per dozen. Find the buying price per gross, 

49. One pipe empties a cistern in a certain time ; it is filled by 
a second in 1 hour more, by a third in 1 hour more than by the 
second, and, with all open, in 4 times as long as by the second. 
Find the time required by each, and by all together. 

50. A ladder placed so far from the foot of a wall reaches a 
height equal to ^ths of its own length. Were it one-third longer 
it would reach 7 ft. higher. Find how high it reaches. 

51. A family of 12 inherit an estate ; ^th of it is divided equally 
among the sons, the rest equally among the daughters. Find a 
son's share and a daughter’s, which together make ^th of it. 

52. A’s hoop makes 5 turns more than B’s in GO yds., but it 
would make only tliroe more than B’s in that distance if the rim 
of each measured 3 ft. more. Find their circumferences. 

53. A buys 2 pieces of cloth with 23 coins of two kinds ; for 
the first, which costs 4d. per yd. less than the second, he gives 2 
crowns fewer tban there are yds. in the second ; for the second as 
many florins as there are yds. in the first. Price per yd. each ? 

54. To earn £7 A must work 7 days more than B, but only 6 
days more if each earn 8d. a-day more. Find wage of each. 


Simultaneous Quadratic Equations. 

105. To SoLTB Quadratics containing Two Unknown 
Quantities.— There are several methods, the most useful of 
which are here given. Special attention should be paid to the 
first, second, and fourth. 

I. By Substitution. (1) When one of the equations is of the 
First Degree (as in Examples 1 and 2), or (2) when such an 
Equation can be obtained from those given (as in Example 3) : 
Find y in terms of x (or vice versa) from the equation of the 
First Degree, and substitute ti.ds value for it in the other 
equation. 

Examples. 


1. (1) ar - y = 2, y = * - 2, ^ 

(2) ay = 15, jr(i - 2) = 15 ; t = 6, - 3; y = 3, -6. 


2.(1) 2a:-3y= 3) 
(2)3r‘-4a:y=16f --y- 


2x- 3 


. 3x» _ 4 j: = 16, 


8 ’ 3 

.*. a:* + 12z sr 46 ; ar = 8 or -- 16, y = 1 or — 11 
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3. {l)2** + 4i-8y = 18, .•.6*’ + 12*-3y = S4) .•.2*-y=2, 
(2) 8** 4- 8* - 4y = 26, 6** + 10® - 8^ = 32 J y a 2*- 2, 

• .•.2a:*+4*-S(2®-2)=18j A ®=3, -2; y=2®-2=4, -6. 

II. When each equation U homogeneous and of the Second 
Degree: Put y = 7ia:, write the one expression over the other, 
and cancel out 

An expression is homogeneous when the sum of the indices of 
one term is the same as that of the other terms. 

Examples- 

1. ^ _ 3 +n 4 _ 2 ( 2/t» 6« = 3, 

(2) y®— 37^=0 ) * * A®— n.r* ” »*—«”"(» ~ 8 ( .*. n' = 8, — 
Let n= 3, ar®-f w.t®=:4, 4 j:®= 4 ; .*, a:=: ±1, yzsnx= +3 ; 

« «=-l, .\x^-{-nx^=4, .*. U®=4; /. ±2^2, y=q: ^2. 

2 . (1) X® + XI/ -f y* = 18 ) ^ nx ^ -f n®a:* _ 1 -f ^ -f n ® _ 13 
( 2 ) a:® *- ry 4- y® = 7 ) * * x® — tix® -{- n®r® "“l — n + n®~ 7’ 

/. 13n* 13« + 13 = 7«® + 7« + 7, n = 3 or J; 

Lot» = 3, .% X* 4* Sx® 4- 9x* = 13, v. x=±l, /, y=:nx=:±35 
»=J, .% x*4- Jx®4- Jx® = 13, .*ar=±3, y=Bxs=±l. 

III. When both equations are symmetrical as to x and y, that 
is, when x and y can be interchanged without altering the 
expression; Put x = w 4- «, y = ?« — n. 

Example, 

(1) a* 4- y* = 82, (2) X 4- y = 4. 
a: 4- y = (;a 4- n) 4- (m — fi) = 2m = 4, 7« = 2; 

ar* = 7«* 4- 4m®n4- G77i®a® 4- 4- 2 (m*4-6m*rr4-n^) = 82, 

y< = m* — 4m®n 4- Cm®a® — 4mw* 4* »* ) Bi*4;6m®«®4-w* =41; 

/. n*4-24n®=25, /. 7i=±l; x=m4-n=3, 1 j y=m— «= J, 3. 

IV. By Special Devices, as in the following 

Exc^iples, 

1. (l)®-y= 6, A®*-2®y + y* = 86) A ®* + 2jy+/=100, 
(2) xy =16, A 4®y =64} A® + y=±10, 

a;4-y= 10 or — 10 ) A 2®=16 or— 4; a®= 8,— 2; 
Bnt*-y= 6 or 6} 2y= 4or-16; Ay=2,-8. 
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2. = /. + /. a: -f = ± 12; 

(2) xy =s 27 5 and — 2ar^ -f / = S6, .*. a: — j/ = ± 6 ; 

Leti+y=12, +12, -12, - 12 ) then i= 9, 8, -3, -9 * 

and a:--y= 6, — 6, + 6, — 6 ) y = 3, 0, — 9, --3. 


3. (1) I +jf = 8, : 

K* 42 ay 4y®=61 ) 2xy 

1= 30, 

(2) a:®+/= 34, : 

X- 4 

y*=:34 J .-.x*- 

- 2xy 4y® = 4, 

.•.x-y= ±2 

; and (1) X 4y = 8; x 

~ 8 ) y ~ 8, 5. 

, 1 1 1 

1 

2 1 1 ^ 

2 __ 4 



^ + /-1G { 

xy 16’ 

/OS 1 , 1 6 

1 

1 of 

1 2 1 _ 9 

]?+7 = Iti’ ■ 


/"](;)•■• 

X* ay y* Ig* 

1 . 1 

3 ^ 

2 2 


«*• 1 — 

±7 r 

.-.-=1 or--; . 

•.x = 2, -4; 

X y 

^ V 

X 4 


« 1 1 

1 ( 

2 2 


But = 

7 1 

- = - or — 1 ; .■ 

y = 4, — 2. 

X y 

4 ) 

y 4 



5. (1) a:*-y®=45, (2)a;— ^=3. Divide (1) by (2) to geta’+y^lTj. 


6. (1) a:* 4- = GO, (2) y* + ay = 40. Add them, get ar +y, and 

divide each by it ; a:= ±6, y= ±4. 

7. (1 ) a:^ — y’ = 08 J , dividing, a:* + ay -f = 40 ) Sa-y =r 4 5, 
(2) a: — y = 2 J from (2), a“ — ‘Jay + y" = 4 ) 4ay = GO, 

a:*— 2xy4y^=4, 4a:y=60; x=6, —3; y=3, —5; as ip 1. 

8. (1) a^ 4 y® = 65 ) dividing, a? 4y = 5 ) as in 7, 
(2)a:®-a-y4y*=13 J and (1), a:’ 4y^= 65 ( ^=4, 1; y=l, 4. 

9. (l)a:^4y*=189, (2) aj^'y 4 ay^ = 180. Add thrice (2) to (1); 

extract cube root, a: 4 y = 9 ; then as in 7, x = 5, 4. 

10. (1) a?* 4 ay -j- y* = 13, (2) a;* - xy 4 y"^ = 7. See 14. 

11. (1) a:* — y® = 5, (2) a:^ 4y^ r= 97. Solve exactly as in 3. 

12. (1) a:® 4 y® - 4 y = ^2 J a:* - 2xy 4 y^ - a: -f y = 20, 

(2) xy =36j .•.(a:-y)*^-(ar-y) = 20, 

“ y7 - - y) 4 (kT = V» a: - y = 5 or - 4, 

a: — y = 5, ry = 36 ; as in 1, ar= 9 or - 4, y=4 or — 9. 

13. (1) 3x* — 4ary =15, 9a:* — 12a:y = 45 ) x" 4 12a: = 45 ; 

(2) 2® — 8y = 3, 8x* — 12xy = 12x J then, as in I. 2. 
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14. (1) -f JC*!/* H- y = 91 J by division, a:® + -f y* as 13, 
(2) X® - a:y + y® - 7 ) and x® — -f y® =s 7, 

* by addn., 2(x®4*yO=20, x*+y*=10 ) xs= ±3, ±1; 

by Bubtrn., 2 xy = 6 , 2xy s= 6 J y=±l, ±3. 

15. (l)x*^y‘‘ = 81, ( 2 )x-y=l; 

, by division, x* + x®y + x®y® + xy® 4 * y^ = 31, 

.-. x^ + y* + xy (x® + y®) 4- a:®y® = 31 (3) 

and from (2), x®— 2 ay 4 -y®=:l, /. x®4-y*=2xy+l (4) 
squaring (4), x* 4 -‘ 2 x®y® 4- y* = 4x®y® + 4xy 4 - 1 

x^ 4 - y^ = 2x®y® 4 . 4xy -f 1 (5) 

2x*y®4-4xy+l+xy(2xy4-l)4 xy=31, from (3), (4), and (5) 
6 x®y® + 5xy = 80, x®y® -h xy = 6 , x®y® + xy -)- (J)® =: V» 
/. xy =2 or — 8 , and x— y=l ; (as in 1 ) x= 2 , — 1 ; y=l, — 2 . 

Exercise LV. 


1. x — ysr 9, X— 3y= 3, 3x— 2y=16, 8x — 4y =3, 

xy = 112 ; X® 4- y® = 241 ; x® — y®=: 48 ; 2x® — 3xy = 5. 

2. 2x® 4- 3x - 4y = 53, 3x® - 2x + y = 23, 

4- 5x ~ 9y = 98 ; 4x® - 3x + 2y = 31. 

3. x®4-xy= 8, ay -fx® as 12, x®4^y = 3, 4x®— 7xy4-3y®=s2, 

y3~..Ty=12; 2y®-xy = 24; 7xy-2y® = 12; 3x®~8xy44y®=S. 

4. X® — 4xy — y® =s ICO, X® — y* = 14xy, x® 4* y* - 7C3, 

x — y = 4; X— y=: 4; x— y= 2. 

6 .^>-/= 0 , 1 . 1 ^ 2 - 1 - 1=1 

X—y =2; X® y® ’x y ’ x* y® 48’ x y 12 


6 . X- 4 - y" = 97 , 

9 r« = 72 ; 




‘^y = ^ ; J^y = 


7. X - y ~ 10, X 4- y = 2^, x® + xy = 15, x® ary = 

ary = 50 ; xy = 1 ; xy + y* = 21 ; xy - ?/® = 

8. X® +y® = 53, X® 4-y"= 89, x^ +y* = 82, • x* 4 ICy* = 

x4-y== 9; x-ys= 3; x*-y®=: 8; x* - 4y® = 

0 1.1^41.1-Ul: l + l=29.Ui 


9. 1+-\ = 41. - --- 

, 1“ j/* ’ I 

). x®4-^y +y* = 9i, 

.i 1 -•» n-i 




4- 4 = 29, - 4 
' ' X y 


10 


11 . 


« y* X y 

x^ + xy+y^=: 91, x® 4 2xy 4 4y® = 76, x^ 4 x®y® 4 y* 

X® — xy 4 y-' = 31 ; x® — 2xy + 4y® = 28 ; x® 4 xy 4y® 

X* — x®y® — 2xy* — y* = 7, x* 4 y® = 539, x* — y* : 

x*-xy-y® = 1 ; x4y = 11 ; x-y ; 


6 , 
5 i. 
17, 
1 . 
:32, 
= 0. 

= 7. 

= 21 , 
: 7. 
:91, 
: 1 . 
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12. 4 + 4=21. - + -=7; 

** y* ' X y 


1 - 1 = 61 , 1 - 1 = 1 . 
r X y 


13. ar* — xy -f y* a:® 4* y* = 945, x* - 8y* = 12?^ 

=i(^4-y*)=76 ; xhj 4- xy^ = 810 ; x^y - 2xy* = 21. 

14. x®4-y®4-x4-y = 84, x®4-y* - x+y = 48, x* — 2.Ty = 65, 

xy =24; xy =14; 8y-2x=22. 

16. 2x* — • 8xy = 36, 4x* — 9xy = 28, ^ y^ = 33, 

8x — 4y = 10; 12y — 6x = — 8; x — y = 8. 




c ox_^ 6 __ 14— y 

14-y *--4— 


Exeucise LVI — Problems in Simultaneous Quadratics. 

1. Find two numbers (1) whoso difference is 1, and the differ- 
ence of their squares 23 ; (2) whose difference is 1, and product 
8J; (3) whose difference is 6, and the sum of their squares 97; 

(4) whose difference is 2, and the difference of their cubes 98; 

(5) the difference of whose cubes is 218, and their difference 
multiplied by their product 70; (6) whose sum multiplied by 
the greater gives f, and multiplied by the less, 

2. Find two numbers such that the sum of their squares is 
360, and the first is to the second as the second is to 54. 

3. Find two numbers whose sum multiplied by tho greater 
gives 48, and whose difference multiplied by the less gives 8. 

4. Find two numbers whose sum multiplied by the greater 
gives 40, and the product of whose sum and difference is 16. 

5. Find two numbers whose sum multiplied by the greater is 12 
times the less, and, multiplied by the less, is thrice the greater. 

6. A ladder 20 ft. shorter than the breadth of a street, is placed 
5 ft. from the middle of the street, and i^s top roaches 10 ft. 
higher on one side of the street than the other. Find its length. 

7. A rectangular pond with sloping banks, bus water run into 
it till its length js increased by xV> its breadth by its perimeter 
by 8 yds., and its area by 76 sq yds. l«’ind its original area. 

8. A farmer spends £1152 on horses and cows, buying as many 
horses as he gives pounds for a cow, and as many cows as lie 
gives pounds for a horse. He buys more cows than horses, and 
he sells them all at the difference between the cost-price of a 
horse and a cow, and loses £112. How many of each did he buy? 

9. A woman for £3, is. buys ducks and geese at as many 
shillings each as there are geese; all her geese and as many 
ducks die, and she sells the rest at half as many shillings each 
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as the number of ducks she bought, and loses 25 per cent. How^ 
many of each did she buy ? , 

10. A person bought 28 yds. of cloth, in two pieces, which 
differed in price by 4d. a yard. The dearer was bought with 
half-crowns and the cheaper with florins, and there were as 
many yds. of the clieaper more than of tlie dearer as there 
were florins more than half-crowns. The total number of coins 
being 24, how much money was spent? 

Equations containing Surds. 

106. Rule. (1) Collect the quantities so as to have only one 
surd on one side ; (2) raise both sides to the power indicated by 
the surd index; (3) repeat the process if a surd be still left, 
unless the surd left be the square root of the other unknown, in 
which case proceed as in Exercise LIV. 

Example. 

3(Vjc - 2) (^sjx - 1) = 6 - \Jx, 3(j3 - H- 2) = 6 - 

.•.3r-9v''^+5=6 — Va:, ,*.3a5=8\/x, .•.9jt‘'^=64r, .‘.arsrVjO. 

Kxebcisb LVII. 

Simple Equations, 1 — 7 ; Quadratics, 8 — 1 5. 

1. ^/x=3; 2s/x = i-, .rf = 6; 2rJ = 8. 

2 . ®i = 4; 2 ^J = 1 G; VV + r.=4; v 2 .t -1 = 5; ^y7^3r = 4. 

if. 3(.r-3)i=15; 2(a--l)5=|^4 j 6+2v'.->:=9; 5 -v2t-1=2. 

4. -i- 8 -I- \/t = 4 ; \/x— 11 -f 1 = \ 'x \ — 5 = 2. 

5. (\/i^ 4- i) = 8 ; ^2x — 3 = \/5 — \/2x. 

6 3 

6. t\/'x ^ — \/x 4" 13; \/x — \/^ 7. 

\/x — 2 ^ \/x — 4 ^ 1 \ __ _ ^ 

\/:r — 5 \/x — 6 *’ ^/x — 4 4* 4 \/ z^ — 16 

8. X — i\/x = 5 ; Sr — B\/x = 60 ; 2x — \/4 i: — x' = 1. 

9. Gx-^7-^6T = l; .T4-5 = 3\/7-^r; 4- 9 -f 1 = 3 

10. \/Sx 4- 1 = ^^l2x -74-3; 2s^x - 4-0=1. 

11. 5 syj: - 2 V ■- 6 = 1; V^Cx - 1 ) - 2\/x = x. 

1 2. (2 4- - Vx) = r>\/x; \/10 4- .'T -_\/l6 - x^2 . _ 

13. ('\/x4-7X2v/x~3) = 6\/x--l; ^'17 4-x = 8 - 

14. x*4“2v'x^fx4-j4 = 20-x; \'hx - 5 4- \'3 1 4- 4 = \/l lx 4-4. 

15. 5x - 2 vx* V 6x 4- 2 = 6 - .T^ ; V4^4-5- v/3x-f 1 = 
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Equations with Literal Coefficients. 

]07. Simple equations of this kind in one unknown quantity 
have already been given ; a few simultaneous equations and^ 
quadratic equations are now added. 


Examples, 

1. Solve rt.T 4- = hx — ay = 

<thx-\-h^y = hc\ . 2 , 22 ^ rL \ “ 


— e(a — h) 
+ ’ 
c{n 4 - h) 
0*4- A" ' 


and o*r 4“ = oc ) . „ ^ 

2. Solve .X* 4- nr = 0>n^, 

7i* 2*5 n* 

= On* 4 - ~ =rr , 


a" 4- - = 4; X = 2n or 


3n. 


1 . a- 4 -y = 2 o, 

.r ~ y = 2/> ; 

2 - 4-^-1 

-£ 4- A 

3a (5/^ 3 ’ 


Exercise LVIII. 
hx 4- cy = </e, /r + my = n, 
mr 4- ny = /. 


a: 4.y = a; 
a h 

a ^ 

r y ~ ’ 


-f -^ = 7, 
war ny 

1-A = i. 

mx ny 


(« 4- — ay ^ 2ah, 

cv — (6 4- c)y = 4- 

wr ny =r 1 “wr — 7wy. 


S. (o 4- AV + (a — h)y = 2ac, 

(A 4- c)r 4- (A — c )y = 2Ac; 

4. ax — Ay = Ax — ay = c ; 

5. X 4- y = a, a" 4- //^ = A* ; 

6. X* 4- 8a ' = Oax ; x* — a- — oA — A r ; x* 4- 2(o — A )x = 2aA — A*. 

7. (a 4" x)(a — x;5 = A(2a + A) — 2(x 4- a)(x — o). 


g X a*A__aA* x ^ 
‘ o X X A ’ 


x“ a* r- A* 
3.r 


2 a a — r 


7o* 


a — X o4-.r a"' — x*‘ 


9 ___f_4__J 

'a ar x’x — a~x4- cT' 4a ’ o — A 


X a 2x 2a 

10 . = ;;; — 1 ] 

a X Jo X 


_L-+_i_=l+l. J 1 

X— nir X— n J/i X— 7J 


2r _ 

<t 4" A A — a’ 
7« _ n n 
n w X— n* 


11. x/x4-2a4- \/x4-2A= v'2(,r4-aH-A)f A/x + 3a^4- V «H-8a*. 

12. #2xCx4- Vii 4-x*) = nC^ — 1); /,/mx n^— n-^ s/m^+nx. 
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TBST EXERCISES. 

Note. — E xercises XI. -XX. afford revisal of Part* 1 . II. and IlL 


I. 

1 . Simplify (a -f b)* — 2(a^ — -f (a — b)*, 

2. Multiply — aS -f* — a‘3 by a9 -j- — a”® — 

3 . Arrange in order of magnitude 

( 1 ) 3V7, 4Vr., IV135. 

( 2 ) V15, 2^5, 2^30. 

4. Solve (1) .T® - 9.T® - 1-8 = 0. 

(2) - 2xy H- ?/ = 0 ; a:® - 5 ^* = 279. 

6 . A and B, working together, can do a piece of work in 6 ^ days ; 
working seitaratoly, B takes (> days longer than A. Find 
in how many days eacdi can do the work. 


II. 


1 . Simplify 


2. Ifx = /sJ|-- 


1 + X 1 + ^/ 1 - a» 


“ then 

+ a I — X 

3 . Find the square root of 

(1) 1 - Oa -h ISa-* - 20o» -f 16a* ■ 

( 2 ) x** d- 2 x - 1 - 2 t:-» -h T-* 

, , ^ j — 3 a: — 5 1 

4. Solve (1) - z = 

• X — o .r — 6 o 


Ca* -|- a\ 


(2) 4- jy = 03 ; a* — ?/ = 77. 

5 . A number of two digits is equal to H times the product of 
the digits, and the digit in the unit’s place is double the 
digit in the ten’s place. Find the number. 


1 . Simplify (1) 

(2a 

2 . Show that ■ 


m. 

(yf.ny 


(-') 




(&)' . (2")’ . (3»)*’ ' " (i'*’ X x» X x'/ 


- 1 — r)* + ( 2 /> — c — 0)“ + ( 2 c 


■ If 


.. o. VC .,x 9 + ^45 , 9 - V 45 
3. Simplify (I) g-- _ 


af + (« - bf 

(3 + 2 V 2 )« 
8 - 2 V 2 


= 3. 


( 2 ) 


4. Solve the following equations by resolution into factors : 

(1) X* - 3x - 70 = 0. (2) x» + Si* + 4x = 0. 

(8) Sx* + 60 = 36x. (4) 2i’ + 6x = 8. • 


en. K 
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6. Tlie sum of the cubes of two numbers is 1R9, and the sum of 
their squares diminished by their product is 21. Find^ 
tlie numbers. 

IV. 

1. Square ( 1 ) 1 + ar -f Vi — (2) V® + + V® — 

2. Find the square root of 

( 1 ) 

(2) lG(x* + 1) + 4U^ - 24j:(a:*’ + 1). 

3. Simplify V^ + gj^ + Vyg y ^ + 2y - v/F=Ty 

V^r + 2y - V^ - 2y \/x + 2y + V^ ~ 

4. Solve (1) — j-r + + — - = 0. 

X — I X 7 X — 7 

(2) xy + dxy = 72 ; r -f- y = 5. 

5. The sum of the squares of two consecutive even numbers is 

1252. Find the numbers. 


V. 


1. Square — 2a + 2a"* — and divide ai ~ a'S by a* — a~K 

and y = V^ + \ 3. 

3. Find the square root of 

(1) (X + l)(x + 2)(x + 3X.r + 4) + 1. (2) .32 + 10v7. 


4. Solve (1) 2x -h \/2x -f 11 = 19. 

(2) x* - 9/ = 24 ; x + 3// = 12. 

5. In walking a mile, A takes 192 steps more than B; if each 

were to increase his step by 3 indies, A would take only 
160 steps more than B. Find the pace of each. 


VI. 

1. Find by inspection 

(x— 3y4-5xX; (2a — 3/y/; (w + «)*. 

2. Simplify (1) \/20+V454 -v'1- ^2) (2V3+5V2)(5 , 3-2V2). 

(3) VP6 + V27-Vi69- W (V6-hV’3)(\ r,-V3). 

3. Find the square root of 

(1) 9c-‘+6xy-12x+/-4y-f-4. (2) 2p+3-l-2\ yT3j3-f7. 

4. Solve (1) X* -f 4V^‘* 4- X + 6 = 40 — X. 
cr (2) X® + y* = 35 ; xhj + xf = 30, 
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5. The area of a rectaii^?ular field ia one acre, and the length is 
one yard more than 3 times the breadth. Find its 
dimensions. 

’ m 


1. Write down the following quotients: 
fn— — — — m 

^ ^ V:«: + V'/ 


(3) 


T — 2\/x + 1 

\'X — 1 


2. Simplify (1) (a^ + by (a + b)X<t - Q“. 

(2) {(^x + IX^'^ - -t- + 1 )}*-» + {( :r-lX:r « + .r + 1)}^- 

3. Find the square root of 3(</ + 6) + 2\/2(a^ + b'^) + 5ab, 


4. 


Solve (1) - + 7 . — ; 

X “f- 3 

(2) 2.r 4- 3^ = 5 ; 2^“* 


~ 4* 

+ -f = 


10 . 


5. Two men walk from Edinburgh to Glasgow, a distance of 
42 miles. By walking half a mile an liour faster the one 
aec(jmpli«ihes the journey in two hours less than the 
other. What is the rate of each? 


VIII. 

1. Square (1 ) + /)i - (x’ - (2) (v x + \ > - 

3. Find the square root of 4a’ + 4- 9c“ — 4a^ — Gbc 4- 12ac. 

15 

4. Solve (1) \''.r -p 4- 5 = 

• \ .T -f- O 

(2 ) r 4- if' — 48 = — y — 

5. A rectangular field has an area of 12,000 square yards, and its 

boundary wall measures 4G0 yards. Find its length and 
breadth. 

IX. 

1 . Find the values of 2501, 25'*, 10*, 27^ j44"8. 

2. Evaluate the following expression : 

(a 4- 6 4- cX 4- (« 4- /» — r)* 4- C« — 6 4- cX + ( — « + ^> + c)"- 

8. Simplify (1) (3) 

1 + v/2 + V3* ^ Vi67 + 24 s/35 

4. Solve (1) = 82. 

(2) .r* 4- y* 4- + 2y = 56 ; a:?/ — a* — y = 4. 

5. The sum of tivo mmihcrs is 9, and the sum of their reciprocals 

is J. Find the numbers. % 
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X. 


1 . Simplify X (^|) X X C\/a**^)‘* X ^ab, ^ 


2. If a: = 3 — \/3, show tliat -f- = 24. 

X" 

3. Find the square root of 


(2) 8 - iv'S- 


4. Solve (1) (_x- - Uf + 22(j^ _ 7x) = - 120. 

(2) x® + = 28 ; r.g-f = Z. 

a. A farmer bought a certain number of sheep lor oO guineas. 
Had lie paid 5 shillings less for each sheep he could have 
bought live more. How many did he buy, and at what 
price ? 

XI. 


1. If « = 2/i, h = 3c, c = 4c/, find the value of the square root of 
3a -f 56 — 6c -h 20c/ when o? = 2. 

2 Kesolve into factors 

— 256 ; x® — — 1 ; {x‘ — 5.r)‘ — 2( — 5r) — 24. 

3. Reduce to their simplest form 


aV>^ -f c'^c/* 


( 9 ^ 4- H- >g.g + yy) 

trb'^ — c^d^‘ ^ + «* 4- 2^^) 


X- - 0 a'-' — 4 

4. solve 0) 


(2) 4.r 4 6y - 21 = 0 = 6:i; 8y - 4:3. 

(3) (/a® — 4 2(m* -{- 7r).r = -- 

6. Simplify — v 2 • 4 <r)\x^ + \ 2 ax 4 tr)'. 

(i. Wlien 4 is added to the numeratoi of a certain fraction, it 
becomes and when 2 is subtracted from its denominator, 
it becomes h. Find the fraction. 


XJI. 

1. Collect the coefficients of powers of x in the following: 

(1) (x — af—(^x—by. (2) (ax^'-br+cy—(7nx^—nx'+7'y. 

2. Prove the following identity : ^ 

(a 4- 5 - efib 4- c - «)*(<• + a - ~ - 0*} 

{^2 ay}{c^ ~ (a - bf}. 

8.^ Divide ^ 1 1 ^ | - j by (r - ^)0 - 2 .(2 - ^). 
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4. Solve (1) (3^* + 4y - (2x H* 3)- = x{hx + 7). 

(2) = 61 ; xy ^ 15. 

• (3) X + 3.rl = 10. 

o(^ 4 

5. Find tlie square root of + — -f — j:» 4 . 4a: — 2. 

4 .')r 

6. A nurseryman planted a certain number of younp trees in the 

, form of a square, and had 9 trees over. Had he put one 
. tree more in the side of the square he would have been 34 
• trees short. Find the number of trees. 


iCIIL 


1. Simplify the expression : — lac — {2((o — 36) — 3a(5c — 26)}, 

and find its value when c = 

a -h (f 

2. Resolve into factors 


3. Simplify 


— 3i‘^— 88 j:; -f-2^a:^d-.7-i:4-y2) ; n*4-2«6 — 9c'^— G6 c. 

+ ^+1 . + ~ i- .. w-) 


a + 1) 


4 . Solved) 


(2) 2/' ~ ry = 4 ; 8// ~ 7xy = 4. 
i 3) \ <t ~f“ \ ^ ~ \ 6. 

5 Find the continued product of 3 ^ 2 — 4\/3, v5 + 2, \^5 — 2, 
' 2 + v 7 > -K ^ 1 \ - ■* V 7 - 

The sum of the squares of two numbers is 89, and the product 
of the numbers is 40. Find the numbers. 


XIV. 


1 Divide (3a 4- -6 -f rf — (« -f 26 -f 3c)' by 4(a 4* ^ + c)> 
verify the result when a = 3, 6 = 2, c = 1. 

2. Find the G.C.M. of (x^ yy - xY^ and (ar 4- y)' 

- 2ci/r 4 - 7jf 4 - 


X Simplify G.^T7 - O?^} 

4. Solve (1) .25. + :5^-^ = 1.5 + ^®i. 


(2) xy - 2x = 21, 


xy 4- 3y = 60. 
\/x — 1 


2 
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5. Find the square root of -f — 12y4a:* -f- Oaf 

6. By selling a horse for £75, a horse-dealer gained as much per 

cent, as the horse cost him. Find the cost price of the f 
horse. 

XV. 

1. Find the value of 

Ir -- c“ 2ah , # ^ n 

c/‘ — — c* 4- 26c ' , 

2. Resolve into factors 

2mn — /«'■* -- n* + 1 ; a* — lOn^ -f 9 ; x® — -J- ry(x — y). 

3. Simplify 

x' + y x-y Vy x/V:r-y ar+y/ 

i c I 4- U , 2x 4- 5 r , 

4. Solve (1) 4- = 5 4- 


a: 4- 1 4- 2 .r -f » a. -f 4’ 

(3)xy = 35; y^ = 15; 2X=21. ' 

5 . Simplify ( 1 )-^. ( 2 )(-) X^ . 

6. A rectangular garden measures 1000 square yards. If the 

length he diminished by 4 j^ards, and the breadth increased 
liy 5 yards, the area will he increased by 80 square yards. 
Find Its diini'iisious. 


1. Divide (f/4-2)^4-4(a4-2y-h6Cn4-2)-4- lGi4-2) + l by 04 - 3 . 

2. If X = /--ii? and y = -j prove ™ ^ + jy-- 

2^ - q p ^ - y 27 2p 




^* + (« + ^)-r.'/4-.e 


2x- + (« _ 6) ■ ' " , , 1\ , 

4. Solve (1) (a: + 1)* - Z{x - 2/ ts 4(i + 3/ — (Ga:* + 77). 

/..N \/i 4- a + \/a: — a i .-..s 4 , 12 ,, 

= *• 7T7 +(TT7T» - 

5. Siinplily 
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C. Find a number whose square * increased by 16 is equal to 20 
times the excess of the number over 4. 


XVII. 

1. If a = = 6, and x = jjy = — 6, find the value of 

(a - hf - 2(rt - hXx _ y) + (x - y)\ 

!^]?esolve into factors 

^ — o* ; .1 ’ + fi r ’’ _ a- - 30 : + I + 

3 . Simplify 

a.x^ + b‘x^ — cry^ — 

^ 

4. Solve (1) — + ^n(a-x') = - 2a\ 


^ + 2y _ , _ % + 45 _ „ 5 + 4 t 

^ ^ 5? 4-1 ’ 3r 4- 1 ’ y 4 - l' 

(3) a"' - 2{(i^ 4- 4- 4- ■= 


= 3. 


6. Find the continued product of 

(^-2 4- \''3)(.r - 2 - 3 )(t 4- 3 4- \/6)(x 4- 3 - v'6). 

6. After paying to A ill more than half my money, to B £1 more 
than one-third of the remainder, and to C £2 more than 
one-fourth of Avhat then remained, I liad £16 15s. left. 
How much money had 1 at first? 


XVIII. 

if Find the value of wlien m - n = 

§ 14 - mn ^ — y X 

« c.- — 3f/^ 4- 20" o* — aO - 6// — 7 ah 4- 12i* 

2. Simplify 1 -r . 

a — 2h a — a — Ah 

3. Find the sum of 




.X- - 1 


j:* — .r 1 


' — 4- X* — 1 j:® 4- -f a: 4- 1 j:* — 1 * 


4. 

6. 


Solve (1) 


a: 4- « j' -f c 




X ^ h X — d' 

(3) x^ 4- xy -f =^1 ; — xy 4- / = 21. 

Simplify (1) • oVz'''}'!. (2) \ 4 4- v'7- 


0. A bag contains 180 gold and silver coins of the total value of 
£(>(). Each gold com is worth as many pence as there are 
silver coins, and each silver coin as many pence as t^re 
are gold coins. How many arc there of each kind? ^ 
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1. When a = C-25 and h = 3-75, find tlio values of 


w)r-i‘- 3-+^- 

2. iMiid the G.C.M. and the L.C.JVl. of 

X® — (a + 3)a:'^ -f (om + 2')x — 2a and ' , 

+ (a + H- (t* — — 2a. ' 

.. n„ * ‘“(* + </) , «*fc + rf) 

(a -b ){a - c) (a - *)(* - c) (a - -OC*^' 

4. Solve (Ij “ : i*^? - 'Ai t - ^ =r3-1675. (2) + ~~=P- 

^ ' ix ^ ^ ' J.. ^ 4^. gj. 

(3) (X + 2)(^ + 3) = 35 ; (< + L*)’ + + 3/ = 74. 

5. Find to three phices of decimals the values of 

_+_3 \ 3 + \ 2 \ ;;j 1 


C. A carriage and pair costs £lo0. Five tunes the price of one 
horse equals seven times the price of the other, ainl the 
carriage costs one-fourth as much as tlie pair of lioi scs. 
Find the pricje of the carriage and of each horse. 


XX. 

1. Expand and arrange according to powers of / 

{(x + ])« H- (a- + 1)^ + (x + 1/ + J} X {(r 4 1)'-’ - l\. 

2. Divide the sum of 4j^rF- + j/j + ^//), — ry - 

2^(2^‘— j;y + 2y-}, and y(13j'*4-8,/y4- T//}, hy 2.r -f- .‘h/. 



4. Solve (1)- — ^ Z 

.f- — A; X — O 




(2) I* + y rr 272 ; a- 4- y = _ 

(3) X 127- ;r> + 2V2:r- 1 = v7o.74-”21. 

5. Find the ^qlu^re »'oot of 

— 2a -t- lX4a’' 4- 12« 9Xl0a” — 40n 4* 2ri;. 

6. A grocLM- bought a certain quantity of sugar for £7. He kept 

50 ll)S. for family use, and sold the remainder at a profit of 
pi. per ih., tlierebv gaining £1, 3 b. 4d, on his outlay. 
How much <ugar did he buy? 


Edinburgh : Printed by W. Si R Chambers Limited. 








